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Abstract: The use of high aspect-ratio wings and light structures in aircraft design increases
the lift, reduces the drag, and minimizes the weight of the aircraft; however, it inevitably in-
creases aircraft flexibility and requires maneuver load alleviation (MLA) to maintain aircraft
structural integrity in aggressive maneuvers. In this paper, a control allocation scheme is pro-
posed that redistributes the control actions from an existing aircraft controller, in a way that the
load (and other flexible states) at critical stations are constrained while the rigid body trajectory
remains unaffected. The control allocation scheme exploits the preview of maneuver trajectory,
the null space established through matrix fraction description of linear model, and a numerical
solution of a quadratic programming problem with a basis function decomposition of null space
variables. The proposed method is validated by simulations on a linearized model of a flexible
X-HALE aircraft. The proposed MLA through control allocation approach is shown to avoid
the violation of load bounds without changing the rigid body response of the aircraft.

1 INTRODUCTION

The design for aircraft intended to fly at high altitude with a long endurance (HALE) typically
involves long, slender wings with a high aspect ratio and light structure. Both features increase
the energy efficiency, thus maximizing the endurance or range of the aircraft. The higher aspect
ratio increases lift and reduces induced drag; the lighter structure results in less mass which
means that less lift is needed to keep the aircraft airborne. Though high aspect-ratio wings and
light structures enhance the energy efficiency, they inevitably introduce more structural flexibil-
ity. The increased structural flexibility leads to aeroelastic characteristics such as divergence,
flutter, and control surface reversal to become more prominent and start occurring at lower air-
speeds. Furthermore, the decreased structural strength may lead to structural yielding or failure
during maneuvering flight. Consequently, methods to alleviate the maneuver loads on aircraft,
which is generally referred to as maneuver load alleviation (MLA), become necessary.

Maneuver load alleviation can be achieved through hardware and software approaches. Hard-
ware approaches usually introduce additional mechanical components (wing tip device [1], vari-
able camber flap [2], etc.) to alleviate the loads at critical stations. However, due to the high cost
of design, manufacturing, and verification of the hardware solutions, software approaches ex-
ploiting the existing control surfaces and thrusters are more widely adopted. The early designs
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of software-based MLA system called for symmetrically deflecting the wings (e.g., ailerons,
flaps) proportionally to the normal acceleration of the airplane [3]. The use of multiple inde-
pendent control surfaces has been advocated in [4] to enhance the performance of the MLA
system and achieve more precise control of the load. To enable more effective use of multiple
control surfaced for MLA, advanced control approaches (e.g., H∞ loop shaping [5], recurrent
neural networks [6], and model predictive control [7]) have been proposed. One common chal-
lenge faced by the software-based MLA method is the balance of load alleviation performance
and other fundamental objectives (e.g., trajectory tracking).

For aircraft with more control inputs than the rigid body degrees of freedom (i.e., an input re-
dundant system), control allocation methods provide systematic ways to decouple the primary
control objective (e.g., trajectory tracking) and the secondary control objective (e.g., load alle-
viation). They exploit the input redundancy and decouple the control design process into two
stages accounting for the primary and secondary objectives separately [8]. In control allocation
literature, the dynamic system’s input redundancy is categorized into strong and weak input
redundancies. Strong input redundancy occurs in systems in which control inputs can be coor-
dinated in such a way that they do not affect the internal states. Weak input redundancy holds
in systems in which this null space condition applies to only outputs [9]. Control allocation
methods which exploit strong input redundancy have been previously proposed for the control
of rigid aircraft [10]. Frost et al. [11] introduced a flight control framework with optimal control
allocation using load constraints and load feedback. Miller and Goodrick [12] proposed a con-
trol allocation framework which accounts for tracking performance, trim condition enforcement
and critical load limiting. These control allocation methods based on strong input redundancy
assume a static relationship between the load and the control inputs and may not be effective in
regulating dynamic loads with pronounced transient characteristics as in flexible or very flex-
ible aircraft. For this purpose, control allocation methods that exploit weak input redundancy
are needed. Toward this end, Gaulocher et. al. [13] proposed a model predictive control frame-
work to solve for the dynamic optimal control allocation problem considering structural load
and actuator saturation. Hashemi and Nguyen [14] proposed an adaptive MLA algorithm which
incrementally changes the control input to alleviate the load. However, these methods do not
explicitly exploit the structure of input redundancy, thus still introducing the tradeoff between
trajectory tracking and load alleviation performance.

In this paper, a dynamic control allocation method for load alleviation is proposed for weakly
input redundant flexible aircraft. The contributions of the paper are listed as follows: (i) a load
alleviation control structure is proposed to completely decouple the load alleviation function
and the nominal flight control of rigid body motion, exploiting the null space of weakly input
redundant flexible aircraft, (ii) load alleviation with preview horizon and specified bounds is
solved by converting into a quadratic programming problem of a reduced-dimension variable,
and (iii) the proposed method is validated in simulation using a linearized model of X-HALE
aircraft [15] (shown in Figure 1).

The paper is organized as follows: In Section 2, the mathematical definitions of strong and
weak input redundancy are reviewed in reference to a linear flexible aircraft model. The control
allocation framework, including the null space generation and load alleviation programming,
is presented in Section 3. Simulation results based on a linear model of X-HALE aircraft are
reported in Section 4. Concluding remarks are made in Section 5.
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Figure 1: X-HALE aircraft developed in University of Michigan [15]

2 BACKGROUND

2.1 Flexible Aircraft Model

Consider a flexible aircraft with nu-dimensional vector of control inputs u, that includes all the
control surfaces and inputs from the thrusters. The outputs of the system are decomposed to
nr-dimensional vector of rigid body outputs yr (e.g., roll, pitch, yaw and their rates), as well as
nf -dimensional vector of flexible outputs yf representing the structural deformations of interest.
Usually, the flexible outputs are curvatures, bending moments, or load factors at critical stations
of the aircraft that are expected to be constrained to specified safe ranges during the maneuver.
It is assumed that there are more control input channels than the rigid body outputs (nu > nr),
and that the dynamics of the flexible aircraft around a trim point can be modeled by a linear
time-invariant (LTI) model with the state-space representation,


ẋ = Ax+Bu,
yr = Crx,
yf = Cfx,

(1)

where the internal state x ∈ Rnx represents the rigid and flexible states of the aircraft, as well as
other states necessary to account for aerodyamic and aeroelastic effects. Note that the system
is assumed to be strictly proper such that there are no feed-through terms. The LTI model can
also be represented using transfer function matrices, i.e.,

[
yf
yr

]
=

[
Gfu (s)
Gru (s)

]
︸ ︷︷ ︸

G(s)

u, (2)

where Gfu(s) and Gru(s) define the partition of G(s), corresponding to the flexible and rigid
outputs, respectively.

2.2 Input Redundancy in Flexible Aircraft

Input redundancy is usually exploited in the flight control system of rigid aircraft where the
required forces and moments are firstly generated, and then distributed to various control ef-
fectors [16]. This control allocation process relies on the control effector matrix B having a
nontrivial null space, i.e.,
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Ker (B) 6= 0. (3)

Such a property is referred to as strong input redundancy in the control allocation literature.
In flexible aircraft, there are usually more states than control inputs such that Eq. (3) is not
satisfied, and control allocation algorithms which assume strong input redundancy cannot be
used.

Recent developments in control allocation literature [9, 17, 18] generalized the strong input re-
dundancy (input-to-state) defined in Eq. (3) to weak input redundancy (input-to-output), which
requires that

Ker (Gru (jω)) 6= 0, for all ω. (4)

Clearly, strong input redundancy implies weak input redundancy, but not vice versa. The physi-
cal meaning of weak input redundancy for flexible aircraft is that there exist different selections
of control inputs that yield identical rigid body motions, while the flexible output could be dif-
ferent. Consequently, these control inputs can be manipulated in such a way as to affect the
flexible outputs without affecting the rigid body outputs.

In the sequel, an assumption of more control inputs than rigid body outputs (nu > nr), which
is the case for our aircraft models, and which implies weak input redundancy, is made.

Flexible Aircraft G

yr

yf

C

Nominal
Controller

Control Allocator

u0 u
r

v N
Null Space

Filter

L
Load 

Alleviation

Load Bounds

Δu

Figure 2: Block diagram of maneuver load alleviation through control allocation

3 MANEUVER LOAD ALLEVIATION THROUGH CONTROL ALLOCATION

The block diagram of the load alleviation through control allocation system is shown in Fig-
ure 2. Assume the flexible aircraft G is controlled to track a specified trajectory r(t) ∈ Rnr ,
0 ≤ t ≤ Tp, for rigid output, where Tp is the preview horizon. The tracking is realized through
a nominal controller C. The nominal controller C uses only the rigid body output yr for feed-
back, and generates a nu-dimensional control input u0. Note that this full dimension nominal
controller C directly generates control effect commands and is different from existing nominal
flight controller [16, 19] which generate required force and moments. The rigid body motion
controlled by C can be realized by infinitely many control input selections due to the nature of
weak input redundancy. This redundancy provides the opportunity to change the flexible out-
puts of the system yf without affecting tracking performance (i.e., the relationship between r
and yr). Therefore, there are two important functions required in this control allocation frame-
work: (i) null space generation, which guarantees that the control input increment ∆u does
not change the rigid body output yr, and (ii) load alleviation calculation, which generates an
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auxiliary control signal v to enforce the bounds on yf using trajectory preview. As Figure 2 il-
lustrates, these two functions are realized through two highlighted blocksN and L. This control
allocator incrementally adds to the nominal controller, which simplifies the design and tuning
process.

3.1 Computing Null Space Filter, N(s)

The proposed control allocator adds on to existing nominal controller output, i.e.,

u = u0 + ∆u (5)

so that Gru(s)u = Gru(s)u0, i.e.,

Gru(s)∆u = 0. (6)

Note that Gru(s) used in the subsequent control allocation procedure is a transfer function ma-
trix and not a static matrix as is common in the exiting control allocation literature for strongly
input redundant systems. Therefore, to achieve invariant rigid body response, the allocation of
∆u needs to be performed throughout the maneuver rather than just for its steady state. Note
also that Gru(s) is a fat transfer function matrix as nu > nr, and ne = nu − nr is defined as the
level of input redundancy. Accordingly, Gru(s) can be decomposed into nr principal control
inputs up and ne extra control inputs ue. Since input channels can always be re-ordered, we
assume that the first nr inputs are the principal control inputs, i.e.,

Gru (s) =
[
Gp (s) Ge (s)

]
, u =

[
uT
p uT

e

]T
, (7)

where Gp(s) is an invertible square transfer function matrix and Ge(s) is of dimension nr × ne.
Using this decomposition, a natural way of satisfying Eq. (6) is to generate control increment
∆u as an output of a dynamic system

∆u =

[
G−1
p (s)Ge (s)
−I

]
v, (8)

where v(t) is an arbitrary ne-dimensional signal. However, there is usually no guarantee that
G−1
p (s)Ge(s) is stable, thus a more practical and general way is to transform Eq. (8) into a

different format, such that all the unstable dynamics are only reflected in the zero dynamics [20].
To accomplish this, G−1

p (s)Ge(s) is expressed using its matrix fractional description [21], i.e.,

G−1
p (s)Ge (s) = NG (s)D−1

G (s) , (9)

where NG(s) and DG(s) are transfer function matrix polynomials. Using this description, the
null space filter, N(s), is defined through a relationship,
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∆u =

[
−NG (s)D−1

0 (s)
DG (s)D−1

0 (s)

]
︸ ︷︷ ︸

N(s)

v, (10)

where D0(s) is a square minimal phase denominator transfer function polynomial, which en-
sures the stability of N(s). From Eqs. (9) and (10), it follows that

Gru(s)∆u = Gru(s)N(s)v = (Ge (s)DG (s)−Gp (s)NG (s))︸ ︷︷ ︸
=0

D−1
0 (s) v = 0, (11)

i.e., the output of the null space filter, N(s), will not affect the rigid body outputs independently
of the selection of the signal, v. Usually D0(s) is selected in a form of lowpass filter such that
the control effort redistribution only happens at low frequencies where the model is relatively
accurate. Note that there exist infinite many NG(s), DG(s) and D0(s) selections. A general
guideline is to make sure that the selection yields relatively uniform frequency responses of
N(s) (with minimal resonant peaks and anti-resonant frequencies) within the designed band-
width. To serve this purpose, D0(s) is selected to be a diagonal transfer function polynomial
matrix, i.e.,

D0 (s) = diag {d1 (s) , d2 (s) , . . . , dne (s)} (12)

Note that each di(s)(i = 1, 2, . . . , ne) serves as the common denominator of the ith column of
NG(s) and DG(s), thus can be generated by averaging corresponding columns. Defining this
average to be ϕi for each column, i.e.,

ϕi (s) =
1

nu

(
ny∑
k=1

N
(k,i)
G (s) +

ne∑
k=1

D
(k,i)
G (s)

)
, (i = 1, 2, . . . , ne) , (13)

where superscript (k,i) indicates the element in kth row and ith column in a transfer function
matrix. Accordingly, di(s) is selected as

di (s) = ϕmp,i (s)

(
s2

ω2
0

+ 2
ζ

ω0

s+ 1

)
, (14)

where ϕmp,i(s) is the minimal phase transformation of ϕi(s) by reflecting its right half plane
zeros to their mirror locations in the left half plane, and the additional second-order polynomial
ensures that N(s) is strictly proper, and sets the control allocation bandwidth to ω0.

3.2 Maneuver Load Alleviation

With ∆u generated as the output of the null space filter, the rigid body output yr is not affected
by the control allocator (i.e., Gru(s)∆u = 0) and its response is calculated as
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yr = GruC (r − yr)⇒ yr = (I +GruC)−1GruCr. (15)

Similarly, the response of the flexible outputs satisfies,

yf = Gfu (u0 +Nv) = Gfu (Cr − Cyr +Nv)⇒
yf = GfuC

[
I − (I +GruC)−1GruC

]︸ ︷︷ ︸
Hfr(s)

r +GfuN︸ ︷︷ ︸
Hfv(s)

v, (16)

whereHfr(s) andHfv(s) can be realized as LTI systems. To make sure that the yf (t) lies within
bounds y−f and y+

f , the null space signal v must satisfy the condition,

y−f ≤ yf (t) ≤ y+
f ⇔ y−f −Hfr(s)r ≤ Hfv(s)v ≤ y+

f −Hfr(s)r. (17)

In generating the terms Hfr(s)r, Hfv(s)v in Eq. (17), we assume that Hfr(s) and Hfv(s) have
zero initial conditions since the maneuver starts from trim. Over the specified preview horizon
Tp, the discrete-time implementation of LTI systems can be performed through multiplication
of Toeplitz matrices, e.g. yfv

∆
= Hfv(s)v is expressed as


y

(1)
fv
...

y
(nf)
fv


︸ ︷︷ ︸

yfv

=


H

(1,1)
fv · · · H

(1,ne)
fv

... . . . ...

H
(nf ,1)
fv · · · H

(nf ,ne)
fv


︸ ︷︷ ︸

Hfv

 v(1)

...
v(ne)


︸ ︷︷ ︸

v

,

H
(i,k)
fv =


h

(i,k)
fv (0) 0 0 0

h
(i,k)
fv (Ts) h

(i,k)
fv (0) 0 0

...
... . . . 0

h
(i,k)
fv (nTTs) h

(i,k)
fv ((nT − 1)Ts) · · · h

(i,k)
fv (0)

 ,
v(k) =

[
v(k) (0) v(k) (Ts) · · · v(k) (nTTs)

]T
, k = 1, 2 . . . , ne,

y
(i)
fv =

[
y

(i)
fv (0) y

(i)
fv (Ts) · · · y

(i)
fv (nTTs)

]T

, i = 1, 2 . . . , nf ,

(18)

where Ts is the sampling time in discrete implementation, nT = dTp/Tse marks the number of

samplings required to cover preview horizon Tp, and
{
h

(i,k)
fv (0) , h

(i,k)
fv (Ts) , . . . , h

(i,k)
fv (nTTs)

}
is the impulse response of H(i,k)

fv (s). Time domain signal v(t) is converted to a vector v, while
the LTI systemHfv(s) is converted into Toeplitz matrix Hfv. Toeplitz matrix Hfr and reference
vector r are created in the same way. Thus, maneuver load alleviation with constraint in Eq. (17)
is realized through quadratic programming as

min
v

vTv,

s.t. y−f −Hfrr ≤ Hfvv ≤ y+
f −Hfrr.

(19)
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Note that no a priori guarantees of feasibility of Eq. (19) can be given; the constraints can
be relaxed with slack variables to ensure that Eq. (19) is always feasible. Furthermore, basis
functions can be exploited to represent v, thereby potentially reducing the computational load.

SR1

SL1

Propellers

Elevators

PL1
P0

PL2

PR1PR2

TL2TL1

TR1TR2

RL

RR
Right Roll 
Spoiler

Left Roll 
Spoiler

Figure 3: Control inputs and critical stations on X-HALE

4 SIMULATION STUDIES

4.1 X-HALE Modeling and Nominal Control

The proposed method is validated using simulations on X-HALE linearized aircraft model. X-
HALE is a very flexible aircraft originally developed for aeroelastic tests [15]. As illustrated
in Figure 3, the X-HALE is equipped with four elevators (TL1, TL2, TR1, TR2), two roll spoilers
(RL, RR), and five thrusters (P0, PL1, PL2, PR1, PR2). In total, this comprises eleven control
inputs to the system, i.e., nu = 11. Accordingly, the control input u is defined as

u =
[
RL RR TL1 TL2 TR1 TR2 P0 PL1 PL2 PR1 PR2

]T
. (20)

The vector of rigid body outputs to be controlled (nr = 3) consists of the roll, pitch, and yaw
angular rates, i.e.,

yr =
[
p q r

]T
. (21)

The critical stations to evaluate the flexible outputs are defined as SL1 and SR1, see Figure 3.
The vector of flexible outputs, yf , comprises the out-of-plane bending curvatures at the critical
stations, i.e.,

yf =
[
κL1 κR1

]T
. (22)

The linearized model of X-HALE was obtained from the University of Michigan Nonlinear
Aeroelastic Simulation Toolbox (UM/NAST), which exploits a strain-based formulation of elas-
tic and rigid-body dynamics [22]. The stiffness of X-HALE was numerically doubled versus
the real aircraft so that the resulting model is representative of flexible rather than very flexi-
ble aircraft. This limits the shape deformation and is synergistic with the assumption of linear
structural dynamics. The linear model is generated at a trimmed condition of straight, level,
unaccelerated flight. The trim airspeed is 14 m/s, with an angle of attack of 1.8◦ at an altitude
of 30 m. This is a typical flight condition of X-HALE. At this condition, the wings already have
a deformed shape, with an out-of-plane curvature of −0.052 m−1 at both inboard wing sections
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SL1 and SR1 (negative curvature indicates an upward bend). The curvature for each of the mid-
wing sections is −0.022 m−1. The outboard wing sections have a curvature of −0.007 m−1.
Since the steady-state curvature values at the inboard wing sections are larger, those sections
were selected as the critical stations of the structure.
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Figure 4: Frequency response of linear X-HALE model

The frequency response of the linear flexible aircraft is shown in Figure 4. Most peaks in Figure
4 correspond to the structural modes of the flexible X-HALE aircraft. Note that the first three
rows correspond to the rigid body response (i.e., p, q, r) while the last two rows correspond to
the out-of-plane curvature κL1 and κR1 at critical stations SL1 and SR1, respectively. The three
columns illustrate the control inputs from roll spoilers, elevators, and thrusters, respectively.
The left and right roll spoilers affect the rigid body response at almost identical magnitudes,
their slight difference arises from the geometric distance difference from the roll spoilers to SL1.
The elevators affect the pitch rate q in a very similar way, but the outside elevators TL2 and TR2

are more capable of introducing roll and yaw compared to the inside elevators due to additional
moment. This spatial distribution also affects the response of the thrusters: the outside thrusters
PL2 and PR2 are more capable of affecting roll, yaw and bending curvature, while the central
thruster P0 provides significantly less effect on these outputs. It is also noteworthy that the
elevators affect bending curvature more significantly compared to other control inputs. This
property may be exploited in the process of control allocation.

The nominal controller C adopts the control structure in [23], and is illustrated in Figure 5.
Cascaded proportional/proportional-integral (P/PI) controllers are used to control the roll and
pitch, while a proportional controller is used to control the yaw. These P/PI and proportional
controllers generate τp, τq, and τr, which inform required control actions for roll, pitch and yaw
axes, respectively. Their directions are defined in a way that positive τp, τq and τr induce positive
roll, pitch and yaw motion, respectively. The corresponding gains are provided in Table 1. The
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Figure 5: Nominal controller C structure [23]

required control actions are further assigned to each control input as

[
RL

RR

]
=


[
Rmax −Rtrim 0

]T
if τp ≤ − (Rmax −Rtrim)[

−τp 0
]T

if − (Rmax −Rtrim) < τp ≤ Rtrim[
−Rtrim τp −Rtrim

]T
if Rtrim < τp ≤ Rmax +Rtrim[

−Rtrim Rmax

]T
if Rmax +Rtrim < τp

TL1 = TR1 = τq,
TL2 = τq +Kp,tailτp,
TR2 = τq −Kp,tailτp,

P0 = 0,
PL1 = PL2 = τr,
PR1 = PR2 = −τr.

(23)

Note that the original control effort distribution in [23] actuated the four elevators symmetri-
cally for the pitch motion, while adopting differential thrust between the left-side and right-side
thrusters for the yaw motion. In comparison to this original approach, two modifications are
made. Firstly, the spoiler inputs are asymmetrically defined for the roll motion with four dif-
ferent configurations considering τp and the trimmed condition, Rtrim. Note that the trimmed
condition of the roll spoilers is assumed to be a positive deflection of RL and zero deflection
of RR. This modification arises from the roll spoilers’ physical motion range from 0◦ to 30◦

(Rmax). Secondly, the roll control action τr (scaled by Kp,tail) is routed asymmetrically to the
outboard elevators TL2 and TR2, to enhance the roll control authority of the aircraft. This nomi-
nal controller design already includes a heuristic baseline control allocation structure, which is
based on standard manipulation methods of the throttle, roll, pitch, and yaw in stability augmen-
tation systems. Also, this design only uses the feedback of the rigid body angular rates, which
satisfies the specification of separating the rigid and flexible outputs yr and yf in Figure 2.

Table 1: Gains of nominal controller C

Kφ [s−1] Kpp [s] Kpi Kθ [s−1] Kqp [s] Kqi Kr[s] Kp,tail

2.5 1.3 3 23 0.01 0.1 200 0.4

4.2 Simulation Examples of MLA through Control Allocation on X-HALE

The maneuver load alleviation scheme developed in Section 3 is verified using the linear X-
HALE model and nominal control law from Section 4.1. As shown in Figure 2, the null space
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filter is generated based on X-HALE linearized model, and the quadratic programming problem
in Eq. (19) is formed, with curvature bounds on critical stations SL1 and SR1 set to±0.056 m−1.
The quadratic programming problem is solved using the active-set method; the computed null
space variable, v, is used to establish ∆u, which incrementally modifies the control surfaces on
top of the nominal controller. Two different maneuvers are considered in the simulations:

(i) Climb maneuver: The reference trajectory involves a pitch up two seconds after the sim-
ulation starts with a pulse of 8.2◦/s, intended to achieve 10◦ of pitch in one second and
holding for nine seconds before leveling off in one additional second. This results in a
climb of 15 meters.

(ii) Climbing turn maneuver: The reference trajectory directs to bank the aircraft and change
the yaw rate one second after the simulation starts. A pulse of 30◦/s is given for the roll
rate and a yaw rate of 15◦/s is established in one second. The bank angle and yaw rate are
held for five seconds before the reference reverses the initial trajectory over one second to
return to zero bank angle on a new heading. This results in a target heading angle change
of 90◦. The longitudinal reference command of the trajectory is the same as in the climb
maneuver.

Additional trajectories which did not include a pitch component were explored but did not suffi-
ciently excite the bending curvature beyond the bound. Therefore, the climbing turn maneuver
was chosen to demonstrate the functionality of the MLA system for multi-axial maneuvers.
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Figure 6: Responses of pitch rate and wing root bending curvature for climb maneuver with and without MLA

The pitch angle response and the bending curvature at the critical stations are shown in Fig-
ure 6. Roll and yaw responses are not shown in Figure 6 since pitch control is designed in a
decoupled way as discussed in Section 4.1. Note that the pitch response with and without the
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MLA are identical, indicating that the trajectory tracking performance is not affected by MLA.
This benefit arises from utilizing the null space which exploits the weak input redundancy of
the system. This is more powerful and general compared to traditional control allocation based
on strong input redundancy. Note that the bending curvatures κL1 and κR1 violate the specified
constraints without MLA through control allocation and are kept within the bounds by using our
MLA scheme. The curvatures with MLA converge to the curvatures without MLA in regions
where constraints are not violated. This is consistent with the objective function in Eq. (19),
where changes to the nominal control signal are being minimized.
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Figure 7: Time histories of elevator and roll spoiler inputs for climb maneuver with and without MLA

The time histories of the elevator and roll spoiler inputs are shown in Figure 7. The incremen-
tal changes to the thruster inputs were less than one percent of the normalized throttle signal
and, therefore, are not shown. The control inputs of the inner elevators (TL1 and TR1) are de-
creased to reduce the bending curvature at the wing root while the deflection of the outside
elevators (TL2 and TR2) is increased. The roll spoilers are also engaged symmetrically to move
the lift away from the wing tips. This redistribution of lift may at first seem counter-intuitive
compared to traditional MLA systems where most of the control efforts are redistributed to the
inward control surfaces. However, this behavior aligns with the fact that the X-HALE model
has straight wings, with no taper. Also, the X-HALE mass is distributed across the wingspan,
in contrast to the heavy fuselage in commercial aircraft. Therefore, the changes result in a more
distributed lift profile throughout the middle two-thirds of the wing, rather than the center. Note
the proposed method assumes a preview of Tp window, which results in incremental changes to
the control input that start to reduce the bending curvature before the maneuver is commanded,
in anticipation of the large change in curvature caused by the pitch-up motion.

The tracking performance and the flexible outputs at the critical stations for the climbing turn
maneuver are shown in Figure 8. The pitch response is similar to the first maneuver, which

12



IFASD-2019-109

0 5 10 15 20

-20

0

20
R

ol
l R

at
e 

[°
/s

]

0 5 10 15 20
-10

0

10

Pi
tc

h 
R

at
e 

[°
/s

]

0 5 10 15 20

Time [s]

0

10

20

Y
aw

 R
at

e 
[°

/s
]

0 5 10 15 20

-0.06

-0.04

5
L

1 [
m

-1
]

Without MLA
With MLA
Reference
Curvature Bound

0 5 10 15 20

Time [s]

-0.06

-0.04

5
R

1 [
m

-1
]

Figure 8: Responses of rigid body motion and wing root bending curvatures for climbing turn maneuver with and
without MLA
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Figure 9: Time histories of elevator and the roll spoiler inputs for climbing turn maneuver with and without MLA

13



IFASD-2019-109

confirms the decoupled design of the nominal controller was not compromised by the control
allocation. As in the climb, all rigid body responses with and without MLA are identical, ver-
ifying the effectiveness of the null space filter in the control allocation. The bending curvature
excursions are restricted within bounds by the proposed approach. The time histories of the
tail and roll spoiler inputs are shown in Figure 9. At the beginning of the maneuver, the left
roll spoiler, which is not heavily used by the nominal controller at this instant, is engaged to
alleviate the load. During this maneuver, the inner elevators (TL1 and TR1) have more negative
deflection to reduce the bending curvature at the wing root while the deflections of the outside
elevators (TL2 and TR2) are increased. This also arises from the redistribution of lift forces to
the outside control surfaces, due to the same reasons as for the first maneuver.

5 CONCLUSIONS
A novel maneuver load alleviation scheme for flexible aircraft is proposed which exploits con-
trol allocation. The aircraft is assumed to have more control input channels compared to the
rigid body outputs, which satisfies the weak input redundancy condition. Exploiting the struc-
ture of input redundancy, our control allocation approach involves incrementally modifying the
control inputs (i.e., elevator inputs, thrusters, and roll spoilers) generated by a nominal con-
troller without changing the rigid body response while providing maneuver load alleviation.
This decoupling of rigid body response is achieved by establishing a dynamic null space with
a reduced-dimension null space variable. The manipulation of this null space variable affects
only the flexible output, and is thus optimized to reduce the load on critical stations. The op-
timization assumes a preview horizon longer than a typical maneuver, and is organized into a
quadratic programming problem with a basis function decomposition of null space variables.
The quadratic programming problem minimizes the control re-allocation due to MLA while
enforcing load constraints. The proposed method is validated in simulations of climbing and
climbing turn maneuvers using a linear model of flexible aircraft X-HALE developed in Uni-
versity of Michigan. The load alleviation scheme is shown to avoid the violation of load bounds
without changing the rigid body dynamics of the aircraft. The extension of the method to linear
parameter varying and nonlinear systems will be explored in a future work.
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