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An Analytical Approach for Dealing With Explicit
Physical Constraints in Excitation Optimization

Problems of Dynamic Identification
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Abstract—Generating optimal excitation trajectories is crucial
for ensuring that the observation matrix is well conditioned in robot
dynamic identification. This task is a typical optimization problem
involving explicit physical constraints defined by initial conditions
(zero initial joint velocity and acceleration) and physical limits
(joint position, velocity, and acceleration within specified bounds).
Physical constraints complicate problem-solving, necessitating the
use of heuristic or gradient-based iteration methods. Despite ex-
tensive study of this problem over many years, the success rate
of finding feasible solutions that do not violate physical constraints
within a limited number of iteration steps is lower than desired, and
two major challenges remain: 1) a low success rate; and 2) high
time consumption, which adversely affect practical applications.
This article presents an analytical approach to address these phys-
ical constraints for excitation optimization. Feasible solutions are
ensured through a deterministic calculation of the Fourier series-
based parameterization rather than relying on iterative searches.
Specifically, initial conditions are met by assigning offsets directly,
while scaling and central-translation operations ensure adherence
to physical limits. Our approach achieves a 100% success rate in
generating physically executable excitation trajectories. Extensive
experiments indicate that our approach has improved optimization
efficiency by an order of magnitude compared to available methods,
while delivering excellent excitation performance. For practition-
ers, our method renders excitation optimization a viable approach
for time-critical payload identification tasks.

Index Terms—Excitation trajectories, parameters identification,
robot dynamics.
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NOMENCLATURE

Notations Definition
ẋ first derivative of x with respect to time.
ẍ second derivative of x with respect to time.
| · | absolute value of a scalar.
cond(·) condition number of a matrix.
det(·) determinant of a matrix.
max(·) maximum value of a set or sequence.
min(·) minimum value of a set or sequence.
x := m x is defined to be equal to m.
x← m assign the value of m to x.

I. INTRODUCTION

ADVANCED robot features, such as compliant manipu-
lation [1], physical human-robot interaction [2], time-

optimal trajectory planning [3], high-precision servo control [4],
walking balance [5], and more, are made possible by dynamic
models. Within the scope of model identification, generating
appropriate motion trajectories (referred to as excitation tra-
jectories) is essential for exciting dynamic behavior of model
parameters through demonstrating significant force/torque act-
ing on the robot joints, while minimizing the perturbation of
measurement noise and unmodeled dynamics for parameter
estimation. This issue involves a very specific concept known as
excitation optimization [6].

For a real-world robot, the joint position, velocity, and accel-
eration should stay within allowable bounds when generating
excitation trajectories, which define the constraints of physical
limits. In addition, the initial velocity and acceleration should
be zero due to the servo driver’s finite control bandwidth and
the effects of structural resonance, forming the initial condi-
tions. In this article, these initial conditions and physical limits
collectively define the physical constraints that govern the exci-
tation optimization task. For this reason, excitation optimization
is a constrained optimization problem that requires ensuring
the observation matrix in linear regression is well conditioned
while also adhering to physical constraints. In this context, its
solution requires resorting to iterative search algorithms, such
as heuristics and gradient-based optimization. The investigation
into finding optimal excitation trajectories for the dynamic iden-
tification of robots has now been ongoing for over 30 years [7].
Nevertheless, multivariate optimization with constraints remains
a challenging task, and this issue has long plagued robot excita-
tion optimization, resulting in the following limitations.
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1) A feasible solution may not be found within a limited
number of iteration steps, leading to optimization failure.

2) Finding a feasible solution might take considerable com-
putational efforts for excitation optimization.

An infeasible solution could lead to abnormal accidents,
such as collisions, motor overloads, or mechanical vibrations.
The manufacturing industry typically places high demands on
reliability, aiming for a success rate close to 100%, as failures can
result in production downtime and increased costs. Therefore,
the generation of optimal excitation trajectories is usually per-
formed with offline routines and is only acceptable for model
identification of the robot body model, which naturally raises
the question of how to address payload identification tasks in
a time-critical on-site operational environment. Practice shows
that commercially available robots, such as KUKA iiwa, ABB,
Yaskawa [8], [9], [10], etc., usually run pose-independent ex-
citation trajectories when performing the payload identification
function, i.e., these trajectories are feasible but not optimized.

This article aims to propose a practical excitation optimiza-
tion method that is both computationally efficient and capable
of reliably finding feasible excitation trajectories (i.e., without
violating physical constraints).

A. Related Work

Armstrong [11] is widely recognized as a pioneer in determin-
ing the optimal excitation trajectories for robots. He achieved
this by finding the optimal sequence of joint accelerations and
deriving the velocities and positions through numerical integra-
tion. However, this method lacks an explicit parameterization for
excitation trajectories, and its implementation is cumbersome.
Three years after Armstrong’s findings, Gautier and Khalil [7]
introduced a piecewise fifth-order polynomial as an explicit pa-
rameterization of the excitation trajectory. They also highlighted
the impact of a well-equilibrated observation matrix on deter-
mining the upper bound of parameter estimation uncertainty.
However, altering intermediate waypoints would modify the
entire polynomial trajectory. Rackl et al. [12] proposed the use of
B-splines with local adjustability as a solution for excitation tra-
jectory parameterization. Moreover, B-splines were employed
as a type of excitation trajectory for parameter estimation in a
humanoid robot, as demonstrated by Bonnet et al. [13]. In order
to implement customized model identification on commercial
robots with nonopen controllers, Pedrocchi et al. [14] developed
excitation trajectories that depend only on teaching points and
programmed velocities; nevertheless, it is worth noting that these
trajectories might compromise the accuracy of parameter esti-
mation. To address this issue, a task-related excitation trajectory
in a subspace was introduced. Pejman et al. [15] suggested using
the Schroeder-phased harmonic sequence to parameterize the
excitation trajectories. In addition, the correlation among all
robot joints was considered to increase the effective coverage
rate of the trajectory space (a hyperspace composed of position,
velocity, and acceleration).

The method of parameterizing excitation trajectories using
finite Fourier series was first introduced by Swevers in 1996 [16]

and has been the most commonly used type ever since [17]. It
has several benefits (refer to Fig. 1) as follows.

1) Periodic motion allows for an improvement in the signal-
to-interference-plus-noise ratio (SINR) via time-domain
data averaging.

2) A statistical analysis of the measurement noise can be
performed for multicycle operation, which is crucial for
accurate identification, such as maximum likelihood esti-
mation [18], weighted least squares [19], etc.

3) The excitation bandwidth can be specified to avoid the
lowest resonance frequency of the structural flexibility of
robots.

4) Data processing is more rigorous, allowing for the calcu-
lation of joint velocities and accelerations by windowing
the spectrum in the frequency-domain.

While the Fourier series-based parameterization offers many
strengths, it is evident that using optimization techniques to
determine appropriate Fourier coefficients in order to satisfy
initial conditions poses significant challenges, as demonstrated
by the experiments conducted by Nicholas et al. [20]. Therefore,
a hybrid trajectory was proposed [21] in which the constant
term of the Fourier series is replaced by a fifth-order polyno-
mial, denoted as Fourier-polynomial hybrid parameterization
in our article. This approach leverages fifth-order polynomials
in trajectory planning to meet initial conditions effectively and
is widely used [22]. Nevertheless, it introduces nonspecified
frequency components, which negates many of the benefits of
the Fourier series.

The approach to generating optimal excitation trajectories,
regardless of the parameterization method, is commonly formu-
lated as an optimization problem with explicit constraints. Prac-
titioners often utilize well-established optimization tools, such
as the MATLAB built-in function fmincon [23], to find optimal
excitation trajectories. Popular optimization solvers include the
interior-point (IP) [24] and sequential quadratic programming
(SQP) [17] algorithms. Some scholars have also tried to solve
the excitation optimization problem using genetic algorithms
(GAs) [25], particle swarm optimization (PSO) [26], particle
grey wolf optimization [27], and others. Those population-based
heuristic algorithms typically require supplementary strategies,
such as penalty functions and separation methods [28], to handle
constraint problems. However, heuristic algorithms are inher-
ently stochastic, whereas gradient-based methods are sensitive
to initial guesses, which renders the search for feasible solutions
probabilistic and introduces some level of uncertainty.

In recent years, the time-consuming drawback of gen-
erating optimal excitation trajectories has gained attention.
Nicholas [20] used the Hadamard’s inequality to simplify the
complexity of calculating the optimization criterion; however,
this new criterion lacks direct correlation with the uncertainty
of parameter estimation. In practice, optimization criteria like
the logarithm of the determinant (known as the d-optimality
criterion [29]) or the condition number [30] of the observation
matrix are more commonly used. These criteria provide an upper
bound on the uncertainty of parameter estimation. In light of this,
a phased optimization procedure was proposed [17] to achieve a
balance between the robustness of parameter identification and
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Fig. 1. Illustration of data processing of the excitation trajectories based on finite Fourier series, also known as Fourier series-based parameterization. The
frequency-domain filter by a rectangular window selects the specified frequency components, and the spectrum is set to zero at all other frequencies. (iω) is a
differentiator in the frequency-domain, and i is the imaginary number. DFT represents the discrete Fourier transform, while its inverse operation is IDFT.

the efficiency of excitation trajectory generation. Specifically,
the Hadamard’s inequality-based criterion was first employed to
generate the initial guess, and then an iterative search for the op-
timal solution was performed based on minimizing the condition
number. There has also been a trend in the robotics community
toward using machine learning methods to bypass the high
time consumption faced in solving constrained optimization
problems. Marija et al. [31] leveraged a generative adversarial
network to mitigate the computationally intensive challenge of
generating long excitation trajectories. Duan et al. [32] adopted
a supervised learning approach to facilitate the rapid generation
of excitation trajectories for payload identification tasks. How-
ever, these machine learning methods for generating excitation
trajectories face real-world challenges and share some common
problems as follows.

1) They require a large number of datasets for training, and
data collection can be time-consuming.

2) Creating a high-quality training dataset is challenging
due to the dependence of the observation matrix on joint
positions, velocities, and accelerations.

3) They have not eliminated the need for classical excitation
trajectory optimization methods, as generating the training
datasets still depends on a heuristic or gradient-based
optimization solver.

4) The trained model risks generating excitation trajecto-
ries with high condition numbers and violating physical
constraints, while its generalization performance remains
limited.

B. Our Work and Contributions

In this article, we propose an analytical approach to calcu-
late feasible solutions in excitation optimization problems. We
reformulated the expression of the finite Fourier series while
preserving its foundational structure. The way we do it divides
the finite Fourier series into main and offset trajectories, and
adds offset terms for velocity and acceleration. We can assign
these offsets directly to meet the requirements of the initial

conditions; this elegant solution is made possible by leveraging
the 90-degree phase difference characteristic between the sine
and cosine functions. We also perform a scaling operation on the
Fourier coefficients to adhere to the physical limits on both joint
velocity and acceleration. Furthermore, a central-translation
operation is implemented to satisfy the bounds on position.
For completeness, we incorporated the analytical constraint-
handling method within a teaching–learning-based optimization
(TLBO) [33] framework to demonstrate its implementation in
excitation optimization. TLBO is a population-based heuristic
optimization algorithm that does not have any algorithm-specific
parameters,1 making it easy to implement. Notably, our analyti-
cal constraint-handling approach is not limited to any particular
optimization algorithm.

The major contributions are as follows.
1) An analytical approach for handling physical constraints

in excitation optimization is proposed, ensuring the deter-
ministic calculation of feasible solutions. The discovery
of feasible solutions in existing methods relies on iterative
search, which introduces inherent uncertainty.

2) Our method achieves a 100% success rate in generating
excitation trajectories that do not violate physical con-
straints. Moreover, each joint always has a component of
motion that reaches its specified bounds, enhancing the
coverage rate of the trajectory space. Existing methods
take a long time to find feasible solutions, while our ap-
proach guarantees that all candidate solutions are feasible,
leading to significantly faster optimization.

3) Our method facilitates the application of excitation op-
timization in time-critical payload identification tasks.
It can also effectively reduce the time burden on robot
manufacturers when identifying robot body models offline
in large-scale production.

1Algorithm-specific parameters [34] (for example, PSO needs inertia weight,
social and cognitive parameters, while GA requires crossover and mutation rates)
pose operational challenges, as their tuning may impact the optimization solver’s
effectiveness.
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The rest of this article is organized as follows. Section II
gives some basic preliminaries and formulates the excitation
optimization problems. Section III details the proposed analyt-
ical approach for finding feasible solutions, ensuring that the
generated excitation trajectories adhere to physical constraints.
Section IV presents a TLBO framework that incorporates our
constraint-handling method to implement excitation optimiza-
tion. Section V demonstrates the experimental verifications.
Finally, Section VI concludes this article.

II. PRELIMINARIES AND PROBLEM FORMULATION

The finite Fourier series serves as the basis for parameterizing
the excitation trajectories in this study and is given by the
following equation:

qk(t) =

L∑
i=1

(
aki
iωf

sin(iωf t)− bki
iωf

cos(iωf t)

)
+ qk,0, (1)

where t represents time, qk (k = 1, . . . , n) is the position of joint
k in anndegree-of-freedom (DOF) robot, qk,0 is a constant offset
of the position trajectory, and ωf is the fundamental frequency
that is preset and uniform across all excited joints. This L-term
Fourier series specifies a periodic function with a period ofTf =
2π/ωf . aki and bki are the ith-order sine and cosine coefficients
for joint k, respectively.

The excitation optimization can be defined as

minimize
ℵ

J1 = cond(Hb)

s.t.

physical limits

⎧⎪⎨
⎪⎩
qk,min ≤ qk(t) ≤ qk,max ∀ k, t
|q̇k(t)| ≤ q̇k,max ∀ k, t
|q̈k(t)| ≤ q̈k,max ∀ k, t

initial conditions

{
q̇k(0) = 0 ∀ k
q̈k(0) = 0 ∀ k (2)

with ℵ ∈ R(2L+1)nρ as the set of the decision variables for
nρ joints. Each Fourier series comprises 2L+ 1 coefficients to
be optimized, including aki , bki , and qk,0 (i = 1, . . . , L). qk,min

and qk,max denote the allowed minimum and maximum motion
ranges for joint k, respectively. q̇k,max and q̈k,max denote the
bounds on velocity and acceleration for joint k, respectively.
In practice, the excitation optimization is implemented at Nm

preset discrete time instants rather than over a continuous time
interval [0, Tf ]. Hb ∈ RnρNm×nb refers to the observation (or
regressor) matrix used in the linear regression for dynamic
parameter identification, which is stacked from the Nm motion
data points as

Hb =

⎡
⎢⎢⎢⎢⎣

W b(q(t1), q̇(t1), q̈(t1))

W b(q(t2), q̇(t2), q̈(t2))
...

W b(q(tNm
), q̇(tNm

), q̈(tNm
))

⎤
⎥⎥⎥⎥⎦ ∈ RnρNm×nb (3)

where W b ∈ Rnρ×nb is a task-related dynamic model. Specif-
ically, W b can be either a robot body model [35] or a payload
model [36], and its form also depends on the friction model
employed [37], [38]. Therefore, the dimension nb of the base
parameter set [39] is also task-related. The detailed knowledge
of dynamic models and their associated parameters is beyond
the scope of this article, but can be found in [40]. tj denotes the
jth time instant and q ∈ Rn is the joint position.

An excitation trajectory using the Fourier-polynomial hybrid
parameterization, which can eliminate the constraints of the
initial conditions defined in (2), is expressed as follows:

qk(t) =
L∑

i=1

(
aki
iωf

sin(iωf t)− bki
iωf

cos(iωf t)

)
+ qk,p(t) (4)

with

qk,p(t) =

5∑
j=0

ckj (t− (z − 1)Tf )
j (5)

where ckj is the (j + 1)th fifth-order polynomial coefficient of
joint k, and the zth motion cycle is calculated as

z =

⌈
t

Tf

⌉
(6)

where �·� denotes the ceiling function (e.g., �0.2� = 1).
Furthermore, ckj (j = 0, . . . , 5) can be fully expressed in terms

of the coefficients aki and bki (i = 1, . . . , L) as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ck0 = 0

ck1 = −
L∑

i=1

aki

ck2 = −ωf

2

L∑
i=1

ibki

ck3 =
1

T 2
f

(
10

L∑
i=1

aki + ωfTf

L∑
i=1

ibki

)

ck4 = − 1

2T 3
f

(
30

L∑
i=1

aki + ωfTf

L∑
i=1

ibki

)

ck5 =
6

T 4
f

L∑
i=1

aki .

(7)

Therefore, the original optimization problem (2) is simplified to

minimize
ℵ†

J1 = cond(Hb)

s.t.

physical limits

⎧⎪⎨
⎪⎩
qk,min ≤ qk(t) ≤ qk,max, ∀ k, t
|q̇k(t)| ≤ q̇k,max, ∀ k, t
|q̈k(t)| ≤ q̈k,max, ∀ k, t

(8)

and the dimensions of the decision variables ℵ† ∈ R(2˜L)nρ are
thus reduced, requiring only 2L coefficients to be optimized per
joint, i.e., aki and bki (i = 1, . . . , L).

The Hadamard’s inequality adopted by Nicholas [20] simpli-
fies the complexity of calculating the optimization criterion by
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estimating the upper bound of the determinant of HT
b Hb as

det(HT
b Hb) ≤

nb∏
c=1

nρNm∑
k=1

Hb[k, c]
2, (9)

where Hb[k, c] denotes the kth element of the cth column of the
observation matrix Hb. Accordingly, a new objective function
J2 is defined as

J2 =
1

nb∏
c=1

nρNm∑
k=1

Hb[k, c]
2

. (10)

Following the discussion of objective functions2 and con-
straints, the optimization problem for excitation trajectories is
typically formulated in three ways as follows.

1) Fourier series-based parameterization with the objective
function J1, subject to both initial conditions and physical
limits, as is done in [43].

2) Fourier-polynomial hybrid parameterization with the ob-
jective function J1, subject to physical limits only, as is
done in [21].

3) Fourier series-based parameterization with the objective
function J2, subject to both initial conditions and physical
limits, as is done in [20].

For clarity, we refer to these three types of optimization
problems as Problem 1, Problem 2, and Problem 3, respectively.

III. ANALYTICAL APPROACH FOR DEALING WITH PHYSICAL

CONSTRAINTS

In this section, we present an analytical approach for handling
physical constraints in excitation optimization. Specifically, the
finite Fourier series in (1) is reformulated as

qk(t) = φ1(t) + φ2(t) (11)

with

φ1(t) =
L∑

i=1

(
aki
iωf

sin(iωf t)− bki
iωf

cos(iωf t)

)
(12)

and

φ2(t) = qk,0 − q̇k,0
ωf

sin(ωf t) +
q̈k,0
ω2
f

cos(ωf t), (13)

where φ1(t) is referred to as the main trajectory, φ2(t) is
named the offset trajectory, and q̇k,0 and q̈k,0 represent specially
designed offsets on the velocity and acceleration trajectories,
respectively. The reformulated finite Fourier series is split into
these two parts, with the underlying philosophy being to use
the offset trajectory to handle the initial conditions. In addition,
qk,0, q̇k,0, and q̈k,0 are classified as passive decision variables,
while aki and bki (i = 1, . . . , L) are designated active decision
variables. This naming convention is grounded in the fact that

2Various approaches for evaluating the objective function, such as the d-
optimality criterion or variants of cond(Hb) that incorporate singular val-
ues [41] or weighted multiple observation matrices [42], are irrelevant to the
constraint-handling method and are thus not discussed further.

the values of the passive decision variables depend on the active
ones, and the implementation procedure is described as follows.

Consider the initial conditions for joint acceleration

q̈k(0) =
L∑

i=1

iωf b
k
i − q̈k,0 = 0. (14)

Let the offset on the acceleration trajectory be

q̈k,0 ←
L∑

i=1

iωfb
k
i (15)

then (11) satisfies the initial conditions for acceleration.
Similarly, consider the initial conditions for joint velocity

q̇k(0) =

L∑
i=1

aki − q̇k,0 = 0. (16)

Let the offset on the velocity trajectory be

q̇k,0 ←
L∑

i=1

aki (17)

then (11) satisfies the initial conditions for velocity.
Therefore, by assigning suitable values to the offsets on the

velocity and acceleration trajectories, the initial conditions in
the excitation optimization problem can be efficiently solved
without the necessity of introducing a fifth-order polynomial.
Consequently, our trajectory retains all the benefits of the finite
Fourier series.

Remark 1: The uncoupled calculations of the velocity offset
q̇k,0 and the acceleration offset q̈k,0 benefit from the 90° phase
difference between the sine and cosine functions.

Furthermore, after modifying q̈k,0 and q̇k,0 in accordance with
(15) and (17), respectively, we define the characteristic quantities
of the excitation trajectory as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Qk,max = max(qk(t))

Qk,min = min(qk(t))

Q̇k,|max| = max(|q̇k(t)|)
Q̈k,|max| = max(|q̈k(t)|).

(18)

Note that multiplying all coefficients in (11) by the same
scaling factor will alter the extremum of the excitation trajectory
without affecting the already satisfied initial conditions. In addi-
tion, the offset qk,0 can translate the entire excitation trajectory
without altering its geometric shape (i.e., the first and second
derivatives remain unchanged). Therefore, the physical limits
can be analytically satisfied through scaling and translation
operations.

A. Scaling

Given that the feasible intervals for velocity and acceleration
are symmetric about zero, define a velocity scaling factor λk,V

and an acceleration scaling factor λk,A as

λk,V =
q̇k,max

Q̇k,|max|
(19)
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and

λk,A =
q̈k,max

Q̈k,|max|
. (20)

Furthermore, define a position scaling factor λk,P as

λk,P =
qk,max − qk,min

Qk,max −Qk,min
(21)

and then define a comprehensive scaling factor λk as

λk = min({λk,P , λk,V , λk,A}). (22)

Implement a scaling operation on the currently provided
Fourier coefficients, i.e.,

ǎki := λka
k
i , b̌ki := λkb

k
i

q̌k,0 := λkqk,0, ˙̌qk,0 := λk q̇k,0, ¨̌qk,0 := λkq̈k,0. (23)

Use ǎki , b̌ki (i = 1, . . . , L), q̌k,0, ˙̌qk,0, and ¨̌qk,0 as coefficients of
the scaled finite Fourier series and name the scaled excitation
trajectory q̌k(t). The relationship

q̌k(t) = λkqk(t) (24)

holds, leading to the following equations:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Q̌k,max = max(q̌k(t)) = λkQk,max

Q̌k,min = min(q̌k(t)) = λkQk,min
˙̌Qk,|max| = max(| ˙̌qk(t)|) = λkQ̇k,|max|
¨̌Qk,|max| = max(|¨̌qk(t)|) = λkQ̈k,|max|.

(25)

The equation

max

(
Q̌k,max − Q̌k,min

qk,max − qk,min
,
˙̌Qk,|max|
q̇k,max

,
¨̌Qk,|max|
q̈k,max

)
= 1 (26)

holds. Therefore, the scaled excitation trajectory ensures that the
magnitude of changes in position, velocity, and acceleration of
joint k do not exceed their specified bounds, and at least one of
them will reach its limits.

Remark 2: Maximizing the range of joint motion can improve
the generalization performance of dynamic identification results.
In addition, higher joint velocities and accelerations are more
effective at exciting the dynamic behavior of model parameters
and increasing the SINR of measurements [29]. Consequently,
the design philosophy of excitation trajectories is to maximize
the variations in position, velocity, and acceleration within their
allowable intervals.

B. Central Translation

Although the scaling operation limits the change in joint
position to a specified range, it does not guarantee that the actual
position values stay within the allowable intervals. To address
this, we propose to implement a central-translation operation on
the joint position q̌k(t) as follows.

The center point of the feasible interval for the joint position
is denoted as

qk,ce =
qk,max + qk,min

2
. (27)

Algorithm 1: An Analytical Constraint-Handling Method
for Excitation Optimization.

• Input: Original coefficients aki , bki , qk,0, q̇k,0, and q̈k,0
(i = 1, . . . , L) of the finite Fourier series

• Output: Modified coefficients aki , bki , qk,0, q̇k,0, and
q̈k,0 (i = 1, . . . , L) of the finite Fourier series

1: // Regarding initial conditions
2: Correct the offsets q̇k,0 and q̈k,0 as

q̇k,0 ←
L∑

i=1

aki q̈k,0 ←
L∑

i=1

iωf b
k
i .

3: // Regarding physical limits
4: // Scaling operation:
5: Calculate the scaling factor λk // (19) to (22)
6: Scaling Fourier coefficients

aki ← λka
k
i , bki ← λkb

k
i ∀i = 1, . . . , L

qk,0 ← λkqk,0, q̇k,0 ← λk q̇k,0, q̈k,0 ← λkq̈k,0.

7: // Central-translation operation:
8: Calculate the deviation δk,ce // (27) to (29)
9: Translate the position offset as

qk,0 ← qk,0 − δk,ce.

10: Return aki , bki , qk,0, q̇k,0, and q̈k,0 (i = 1, . . . , L)

The center point of the position trajectory q̌k(t) is denoted as

Q̌k,ce =
Q̌k,max + Q̌k,min

2
(28)

and the deviation between Q̌k,ce and qk,ce is calculated as

δk,ce = Q̌k,ce − qk,ce. (29)

Furthermore, translate the offset q̌k,0 on the position trajectory
as

q̌∗k,0 := q̌k,0 − δk,ce. (30)

In this context, the finite Fourier series with coefficients ǎki , b̌ki ,
q̌∗k,0, ˙̌qk,0, and ¨̌qk,0 (i = 1, . . . , L) has fully satisfied the physical
constraints. For consistency in notation, the coefficients of the
finite Fourier series are reassigned as

aki ← ǎki , bki ← b̌ki

qk,0 ← q̌∗k,0, q̇k,0 ← ˙̌qk,0, q̈k,0 ← ¨̌qk,0. (31)

The proposed analytical approach for handling explicit physi-
cal constraints in the optimization of excitation trajectories is
summarized in Algorithm 1.

IV. TLBO-BASED EXCITATION OPTIMIZATION WITH THE

ANALYTICAL CONSTRAINT-HANDLING METHOD

In this section, we introduce how to use the analytical
constraint-handling method along with the TLBO algorithm to
generate optimal excitation trajectories. The use of TLBO in
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our optimization framework is based on the following consider-
ations.

1) TLBO is a population-based algorithm [34]. It operates
on the principle that students learn and improve their
performance in a classroom setting. Unlike gradient-based
methods, which rely on gradients and can struggle with
complex or nonsmooth problems, TLBO can effectively
explore the solution space without needing gradient infor-
mation, making it better suited for such challenges.

2) TLBO does not require algorithm-specific parameters;
only basic ones, such as population size and the maximum
number of iterations, need to be set. This simplicity makes
it easier to use.

3) TLBO achieves a balance between local search, driven by
the teacher phase, and global exploration, facilitated by
the learner phase. This balance helps the algorithm avoid
getting trapped in local optima and increases the chance
of finding the global optimal solution.

A demonstration of the workings of the TLBO-based excita-
tion optimization is presented as follows.

Step 1. Initialization: Initialize the number of class members
Npop (population size) and the maximum number of iterations
Niter. The class members consist of a teacher (with the highest
score) and some students. A smaller value of the objective func-
tion indicates a higher score. Establish the objective function to
be optimized as

minimize
ℵ‡

J1 = cond(Hb), (32)

where ℵ‡ ∈ R1×(2L+3)nρ is the set of decision variables for
nρ joints, with each joint containing 2L+ 3 coefficients to be
optimized. Initialize the learning method Xd ∈ R1×(2L+3)nρ

for each member d (d = 1, . . . , Npop). Vector Xd represents the
decision variables, with its pth element quantifying the learning
method of member d for subject p. The elements of Xd are
arranged into nρ groups, with each group corresponding to a set
of coefficients for a joint, e.g., qk, where the first 2L elements
represent the active decision variables aki and bki (i = 1, . . . , L),
and the remaining three elements represent the passive decision
variables qk,0, q̇k,0, and q̈k,0.

Furthermore, update each member’s learning method Xd

using Algorithm 1 (still following the notationXd) to ensure that
the excitation trajectory (11) generated by the elements of Xd

satisfies physical constraints. Accordingly, the objective func-
tion value fd (d = 1, . . . , Npop) is evaluated using the corrected
learning method Xd.

Step 2. Teacher phase: The member with the minimum value
fd is selected as the teacher, whose learning method is designated
asX tch, while the remaining members act as students. If multiple
members share the same minimum value, one is randomly
chosen to be the teacher. In this phase, the teacher imparts their
learning methods to the students, aiming to improve the overall
performance of the class.

First, the average learning method of all members is calculated
as

Xmean =

∑Npop

d=1 Xd

Npop
. (33)

The teacher’s influence on the students is determined by

Dmean = ris 	 (X tch − TFXmean) (34)

where ris ∈ R1×(2L+3)nρ is a vector associated with each sub-
ject in the isth iteration step, with elements that are random num-
bers uniformly distributed over [0,1], TF is a randomly chosen
scalar, either 1 or 2, and the operator 	 denotes the Hadamard
product. For two matrices A = (aij) and B = (bij) of the same
dimension, their Hadamard productA	B isC = (cij), where
cij = aijbij .

Member d (d = 1, . . . , Npop) updates their potential learning
method Xd,new based on the teaching influence Dmean as

Xd,new = Xd +Dmean. (35)

Next, the potential learning method Xd,new is corrected via Al-
gorithm 1 (still following the notation Xd,new), ensuring that the
excitation trajectory (11) generated by the elements of Xd,new

satisfies all physical constraints. The objective function value
fd,new is then evaluated based on the corrected Xd,new.

If fd,new is smaller than fd, member d accepts Xd,new as their
new learning method, thus

Xd ←Xd,new, fd ← fd,new. (36)

Otherwise, the original learning method Xd is retained.
Step 3. Learner phase: Following the teacher phase, the

learner phase commences, where class members exchange
and discuss their knowledge. For instance, member d (d =
1, . . . , Npop) randomly selects another member s (s 
= d) to en-
gage in discussion, forming a potential learning method Xd,new

defined as{
Xd,new = Xd + rd 	 (Xs −Xd), fd > fs

Xd,new = Xd + rd 	 (Xd −Xs), fd ≤ fs.
(37)

rd ∈ R1×(2L+3)nρ is a vector associated with member d, with
elements drawn from a uniform distribution over the interval
[0,1]. Xd,new is then corrected via Algorithm 1 (still denoted as
Xd,new), allowing fd,new to be evaluated accordingly.

If fd,new is smaller than fd, it indicates that member d can
achieve a higher score by using Xd,new as their new learning
method; thus, member d accepts Xd,new and fd,new with (36).
Otherwise, the original learning method Xd is retained.

Step 4 Termination criterion: Once all members have com-
pleted the learner phase, update the iteration step to

is ← is + 1. (38)

If is ≤ Niter, return to step 2 for a new round of “teacher
& learner;” otherwise, the termination condition is satisfied.
The member with the smallest objective function value is then
selected as the teacher, and their decision variables represent the
optimal coefficients for the excitation trajectory.

Remark 3: The TLBO-based excitation optimization, which
addresses physical constraints using the analytical approach,
is summarized in Fig. 2. Algorithm 1 effectively ensures that
all candidate solutions are feasible, thereby promoting the effi-
ciency of the optimization process. In addition, it is worth noting
that our analytical approach is versatile and can also be applied
to other heuristic or gradient-based optimization algorithms.
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Fig. 2. Flowchart for TLBO-based excitation optimization with the analytical constraint-handling method; the red dashed line illustrates a generated feasible
excitation trajectory.

V. EXPERIMENTAL VALIDATION

Our experimental validation is organized into three as-
pects. The first two parts focus on solving the excitation op-
timization problem for the robot body model and the pay-
load model, respectively, with particular attention to three
metrics: 1) time consumption; 2) constraint violations; and
3) condition numbers. The third part demonstrates the effec-
tiveness of our method in model identification and related
applications.

The IP and SQP algorithms serve as the two baseline op-
timization solvers for comparison in this section, given their
widespread use for excitation optimization. These optimization
solvers, in conjunction with the optimization problems outlined
in Section II, give rise to various excitation optimization methods
for evaluation, including the following.

1) Our method
2) Method A1: Problem 1 + the SQP solver.
3) Method A2: Problem 1 + the IP solver.
4) Method B1: Problem 2 + the SQP solver.
5) Method B2: Problem 2 + the IP solver.
6) Method C1: Problem 3 + the SQP solver.
7) Method C2: Problem 3 + the IP solver.
Furthermore, we also evaluated the supervised learning-based

excitation optimization method suggested by Duan et al. [32] in
the second part, as machine learning methods are regarded as a
potential solution to the time-consuming challenge in excitation
optimization for payload identification tasks. In addition, a

broader comparison of other optimization algorithms3 for ex-
citation optimization is provided in the supplementary material.
The excitation trajectories in these methods were parameterized
using a four-term Fourier series, i.e., L = 4 and ωf = 2π/6.
Data points along the excitation trajectory were recorded in the
observation matrix Hb at 8 ms (abbreviated as “ms”) intervals,
resulting in 750 discrete time instants per cycle.

The performance evaluation took place on a personal com-
puter configured as follows: Processor: Intel(R) Core (TM)
i5-7200 U CPU @ 2.50 GHz 2.70 GHz, Available memory:
7.87 GB. Both SQP and IP algorithms were executed using
the fmincon function from the MATLAB Optimization Tool-
box, with the SQP and IP options, respectively. In contrast,
our method, including Algorithm 1 and the TLBO solver, was
developed using custom MATLAB scripts. The timing tool is
the Profiler.4

An important consideration is to reevaluate the condition
number of the observation matrix associated with the excitation
trajectories generated by Methods C1 and C2, as their objective
functions are grounded in the Hadamard’s inequality.

A. Excitation Optimization for the Robot Body Model

This subsection evaluates the excitation optimization for a 6
DOF robot body model (HSR-CO605: 5-kg payload capacity,

3Including sequential least squares programming, PSO, and others.
4[Online]. Available: https://www.mathworks.com/help/matlab/ref/profile.

html
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Fig. 3. HSR - CO605: a 6 degree-of-freedom robot.

TABLE I
BOUNDS ON POSITION, VELOCITY, AND ACCELERATION FOR THE HSR-CO605

ROBOT JOINTS

25-kg weight, 30-μm repeatability), as shown in Fig. 3. The
bounds on position, velocity, and acceleration (abbreviated as
Pos., Vel., and Acc.) for all joints are listed in Table I.

Several factors, including the underlying principles of the
optimization algorithm, the objective function, the constraints,
and the code quality, would influence the evaluation of time
consumption. Objectively, the execution of the MATLAB Opti-
mization Toolbox is more efficient than the self-written TLBO
scripts, typically avoiding redundant computational steps. For a
fair analysis, this experiment evaluates the time consumption of
the aforementioned methods from two aspects as follows.

1) Module Cost: The execution time of key modules, includ-
ing the objective function via the condition number or the
Hadamard’s inequality, the model W b ∈ R6×52, and the
observation matrix Hb ∈ R4500×52.

2) Optimization Cost: The total time consumption to accom-
plish the task of generating optimal excitation trajectories
under specific technical specifications.

The specifications for the TLBO algorithm refer to: the max-
imum number of iterations Niter, the population size Npop, the
initialization ranges of decision variables, the objective function,
etc.; for the SQP and IP solver, the specifications refer to: “Max-
FunctionEvaluations” (maximum number of function evalua-
tions allowed), “MaxIterations” (maximum number of iterations
allowed), “ConstraintTolerance” (tolerance on the constraint
violations), “StepTolerance” (termination tolerance on decision
variables), the objective function, and the initialization ranges
of decision variables, etc.

TABLE II
TIME CONSUMPTION TESTS OF THE MODULE COST VIA THE MATLAB

PROFILER (UNIT: MS)

Fig. 4. Condition number of Hb associated with the excitation trajectories
generated by our method. (a) Convergence plot of the condition number during
a specific run of optimization. (b) Boxplot shows how the condition numbers
are distributed of 30 independent runs of our method.

Regardless of the method chosen, the model W b, the obser-
vation matrix Hb, and the objective functions (J1 and J2) are
all developed using custom scripts. Consequently, the module
cost is entirely independent of the differences between toolbox
and nontoolbox programs. In contrast, the optimization cost is
influenced by the quality of the available code.

Table II lists the time consumption of several typical modules.
It is evident that the execution time of J2 is less than one-third
that of J1, indicating an improvement in computational effi-
ciency attributed to the Hadamard’s inequality. However, com-
pared to the computational cost of Hb, the time consumption of
either J1 or J2 is relatively minor. The Hadamard’s inequality
provides limited enhancement in the efficiency of generating
optimal excitation trajectories.

1) Single-Step Iteration: We examined an extreme scenario
involving evaluation using a single-step iteration. The parameter
settings for our method were as follows: Niter = 1, Npop = 2,
with the initialization ranges of decision variables set to [−3, 3].
Fig. 4(a) plots the convergence curve of the condition number of
Hb during a specific run of the optimization process. As shown,
the condition number of Hb reaches 87.45 within just one itera-
tion. For practical applications in robot dynamic identification,
a condition number converging to 100 or below is generally
considered acceptable [24]. In addition, the value of the objective
function, 133.01, is obtained at the beginning, representing the
contribution made by the “teacher” at the start of the first cycle.
Our method completed this run in just 6 s (abbreviated as “s”).
Furthermore, our method was independently run 30 times under
the same settings. The results are summarized in a boxplot, as
shown in Fig. 4(b).

The TLBO-based flowchart (see Fig. 2) illustrates that our
method evaluates the objective function six times per cycle
using the aforementioned settings. Consequently, the maximum
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TABLE III
EVALUATION RESULTS OF EXCITATION OPTIMIZATION WITH SINGLE-STEP

ITERATION

number of function evaluations allowed by other methods5 was
also set to 6. Specifically, the “MaxFunctionEvaluations” option
in fmincon was set to 6. It is worth noting that, due to the
implementation principles of the Optimization Toolbox, the
actual number of function evaluations may exceed the set value
of “MaxFunctionEvaluations”.6 The initialization ranges of the
decision variables for the other methods matched those of our
method, and the remaining parameters in fmincon were kept at
their default values.

Methods A1, A2, B1, B2, C1, and C2 were independently
executed 30 times, with the results summarized in Table III. The
maximum optimization cost for our method is only 7 s, while the
other methods require nearly 50 s. In these 30 independent runs,
our method achieves a maximum condition number of 169.79,
which is significantly lower than those obtained by the other
methods. Furthermore, MethodsB1 andB2 demonstrate shorter
execution times compared to Methods A1, A2, C1, and C2. This
advantage can be attributed to the fewer decision variables in
Methods B1 and B2, resulting in fewer function evaluations
at the end of the iteration. In addition, the absence of equality
constraints simplifies the excitation optimization problem.

Fig. 5 shows the excitation trajectories of six joints gener-
ated by our method, representing one of the results from 30
independent runs. In addition, two characteristic indexes are
defined to quantitatively assess constraint violations (applicable
to position, velocity, and acceleration trajectories):

1) Upper Margin (UM): The upper bound minus the maxi-
mum value of the trajectory. A positive UM means that
the (Pos., Vel., or Acc.) trajectory does not violate its
corresponding upper bound.

2) Lower Margin (LM): The minimum value of the trajectory
minus the lower bound. A positive LM means that the
(Pos., Vel., or Acc.) trajectory does not violate its corre-
sponding lower bound.

The characteristic indexes related to Fig. 5 are summarized
in Table IV. It can be observed that the position, velocity, and
acceleration trajectories of all joints remain within physical
constraints. Each joint consistently has at least one motion

5To account for differences in algorithm execution, it is more preferable to
set maximum function evaluations rather than maximum iterations.

6“Iterations and Function Counts” description. [Online]. Available:
https://ww2.mathworks.cn/help/releases/R2020a/optim/ug/iterations-and-
function-counts.html

TABLE IV
CHARACTERISTIC INDEXES OF THE EXCITATION TRAJECTORIES GENERATED BY

OUR METHOD

TABLE V
CHARACTERISTIC INDEXES OF THE EXCITATION TRAJECTORIES GENERATED BY

METHOD A1

component that precisely reaches its corresponding bounds, i.e.,
UM or LM equals zero; therefore, our method improves the
coverage of the trajectory space, which has a positive effect
on the generalization performance of parameter identification.
In addition, the velocity and acceleration of all joints start from
zero. Notably, the symmetry of the UM and LM values for the po-
sition trajectories in Table IV results from the central-translation
operation in Algorithm 1.

In contrast, none of the other methods successfully identify
feasible solutions that satisfy the physical constraints. The op-
timization results of Method A1 (one of the 30 runs) serve as
an example. At the end of this run, the maximum constraint
violation metric “Feasibility” displayed by the Optimization
Toolbox is 1.818× 101, indicating that the physical constraints
have been violated (the default threshold for “Feasibility” to
satisfy constraints is 10−8). Fig. 6 illustrates the excitation
trajectory of joint 2 generated by Method A1.

Tables V –X summarize, in turn, the characteristic indexes of
constraint violations of the excitation trajectories (derived from
one of the results of 30 runs) generated by Methods A1, A2, B1,
B2, C1, and C2. It is evident that the Fourier-polynomial hybrid
parameterization (Methods B1 and B2) can satisfy the initial
conditions, but it proves ineffective in meeting the physical
limits. All methods involved in the comparison significantly
violate the constraints within a single-step iteration. In our
experiments, setting “MaxFunctionEvaluations” = 6 achieves
the effect of limiting the process to a single-step iteration.
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Fig. 5. Excitation trajectories generated by our method (Niter = 1, Npop = 2).

2) Multistep Iterations: The evaluation with a single-step
iteration focuses on the methods’ performance in handling phys-
ical constraints. In this subsection, tests involving multistep iter-
ations were conducted to align with practical applications. The
parameter settings for our method were as follows: Niter = 10,
Npop = 15, with the initialization ranges of decision variables set
to [−3, 3]. Fig. 7(a) shows the convergence curve of the condition

number of Hb during a specific run, which has an optimization
cost of only 205 s and achieves a condition number of 58.22.
Furthermore, our method was tested over 20 independent runs,
with the results statistically presented in Fig. 7(b). The maximum
condition number among these 20 optimization results is as
low as 71.08, demonstrating the superior performance of our
method.
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Fig. 6. Excitation trajectories generated by Method A1 (“MaxFunctionEvaluations” = 6, Joint 2).

TABLE VI
CHARACTERISTIC INDEXES OF THE EXCITATION TRAJECTORIES GENERATED BY

METHOD A2

TABLE VII
CHARACTERISTIC INDEXES OF THE EXCITATION TRAJECTORIES GENERATED BY

METHOD B1

TABLE VIII
CHARACTERISTIC INDEXES OF THE EXCITATION TRAJECTORIES GENERATED BY

METHOD B2

Furthermore, the compared methods were also evaluated us-
ing multistep iterations, with “MaxFunctionEvaluations” set to
4200 (insufficient iterations hinder achieving desired optimiza-
tion goals, while excessive iterations consume a considerable

TABLE IX
CHARACTERISTIC INDEXES OF THE EXCITATION TRAJECTORIES GENERATED BY

METHOD C1

TABLE X
CHARACTERISTIC INEXCES OF THE EXCITATION TRAJECTORIES GENERATED BY

METHOD C2

amount of execution time). Similarly, all methods were indepen-
dently run 20 times, with their results summarized in Table XI.

It is worth emphasizing that only our method achieves a
100% success rate, meaning that every run generates excitation
trajectories that satisfy physical constraints. In contrast, other
methods struggle to achieve even a 90% success rate, so no
boxplots are provided for their results. In addition, the condition
numbers obtained by our method are both excellent and highly
consistent. Method A2 is also comparable to our method in
terms of the condition number. Another noteworthy aspect is the
optimization cost: the compared methods require approximately
half an hour to complete the 4200 function evaluations (similar
execution times are documented in Han’s research [24]). In con-
trast, our method takes less than 4 min, representing a significant
improvement.

Our method requires setting very few parameters, needing
only the maximum number of iterations, the population size,
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Fig. 7. Condition number of Hb associated with the excitation trajectories
generated by our method. (a) Convergence plot of the condition number during
a specific run of optimization. (b) Boxplot shows how the condition numbers
are distributed of 20 independent runs of our method.

TABLE XI
EVALUATION RESULTS OF EXCITATION OPTIMIZATION WITH MULTISTEP

ITERATIONS

Fig. 8. Specific run of Method A2. (a) Convergence plot of the condition
number of Hb during this search process. (b) Log file of the iteration display.
“F-count”: number of function evaluations, “Iter”: iterations, “f(x)”: objective
function value; “Feasibility”: maximum constraint violation [44]; “me± n”:
“m× 10±n”.

and the initialization ranges of decision variables. Notably,
these settings do not affect the optimization success rate, which
remains at 100%. In other words, our method consistently finds
feasible excitation trajectories that satisfy physical constraints,
regardless of the parameter settings. Compared to our method,
the other examined methods reveal several common shortcom-
ings, which are illustrated through individual case analyses.
� Deficiency 1: Getting stuck in a local optimum, and thus,

unable to find feasible excitation trajectories.
A specific run of MethodA2 is employed as a case study, with

the initialization ranges of decision variables set to [−3, 3]. Fig. 8
presents the optimization result alongside a log file detailing the

Fig. 9. Convergence plots of the condition number for the initialization ranges
[−10, 10] of decision variables. (a) Method A2. (b) Our method.

Fig. 10. Convergence curve of the condition number of Hb during a specific
run of Method A2.

iterations. It is evident that this search process gets stuck in
a local optimum, having remained in this state since the 41st
iteration. Consequently, the subsequent 31 iterations failed to
escape this local solution, resulting in no feasible solution that
meets the physical constraints being identified. The optimization
cost for this run is 1849 s.
� Deficiency 2: Determining appropriate solver parameters

is challenging and significantly affects the search for the
optimal excitation trajectory.

A critical issue is the selection of initialization ranges or
initial guesses of the decision variables. Fig. 9(a) shows the
convergence plot of Method A2 with the initialization ranges
[−10, 10] of its decision variables. Notably, compared to the
parameter settings in Figs. 8(a) and 10, the initialization range of
decision variables in Fig. 9(a) is over three times larger (changed
from [−3, 3] to [−10, 10]); however, the objective function value
at the start of the iteration is nearly ten times greater than
theirs. Changed the initialization ranges of decision variables of
our method from [−3, 3] to [−10, 10], while keeping the other
settings unchanged (Niter = 10, Npop = 15). The convergence
result during a specific run is shown in Fig. 9(b). A comparison
with Fig. 7 reveals that our method is not sensitive to the initial
guesses of decision variables.

Expanding the initialization range increases the chances of
finding a globally optimal solution. Conversely, we cannot assert
that initialization ranges near zero are less likely to generate
excitation trajectories that violate physical constraints, since

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on August 28,2026 at 17:08:54 UTC from IEEE Xplore.  Restrictions apply. 



HUANG et al.: ANALYTICAL APPROACH FOR DEALING WITH EXPLICIT PHYSICAL CONSTRAINTS IN EXCITATION OPTIMIZATION PROBLEMS 1987

TABLE XII
FREQUENCY COMPONENTS IN THE VELOCITY TRAJECTORY OF JOINT 1

some robots have allowable ranges of motion that deviate from
the zero-degree joint positions.
� Deficiency 3: Seeking feasible solutions is costly.
The excitation optimization is widely recognized as a time-

consuming problem, primarily due to the difficulty of finding
feasible solutions under physical constraints. A specific run of
Method A2 is analyzed as a case study, with its fmincon solver
configured as described in Deficiency 1. The running result is
shown in Fig. 10. It takes 1967 s, with 87% of this time spent
on iterations involving infeasible solutions.

In addition to the aforementioned common shortcomings,
Methods B1 and B2 introduce unspecified frequency compo-
nents. The fundamental frequency fω of the four-term Fourier
series in our experiment is 1/Tf Hz, where Tf = 6 s. Therefore,
the specified frequency components include 0fω , 1fω , 2fω , 3fω ,
and 4fω . We performed a discrete Fourier transform on the
excitation trajectories (velocity trajectory of joint 1) generated
using our method and Method B1, respectively. The resulting
frequency components are presented in Table XII. It is evident
that Method B1 introduces additional frequency components
of 5fω and 6fω (other frequency components are not listed)
compared to our method. Furthermore, while these additional
frequency components have small amplitudes, they should not be
disregarded, as they can still induce resonance in the mechanical
structures.

B. Excitation Optimization for the Payload Model

Payload identification is an on-site task characterized by the
following requirements.

1) The workspace is confined, requiring minimal robot mo-
tion during the identification process.

2) High efficiency is crucial, necessitating rapid searches for
optimal excitation trajectories, ideally within seconds.

3) Reliability is paramount, emphasizing the necessity of
consistently generating feasible excitation trajectories.

We compared the performance of our method against Methods
A1, A2, B1, B2, C1, and C2 for excitation optimization of the
HSR-CO605 robot’s payload model, with particular emphasis
on the success rate and time consumption.

During the execution of payload identification, joints 1 and
2 were set to remain stationary at positions 82◦ and −107◦,
respectively. In addition, the motion of joint 3 was limited to
a range between 160◦–200◦. These settings are specific to the
described test, and the allowable range of motion for all joints
is detailed in Table XIII. The dynamic model of the payload is
W b ∈ R4×10, and its observation matrix isHb ∈ R3000×10. We

TABLE XIII
CASE: ALLOWABLE RANGE OF MOTION FOR ALL JOINTS OF THE HSR-CO605

ROBOT IN A PAYLOAD IDENTIFICATION TASK (UNIT: ◦)

TABLE XIV
PERFORMANCE COMPARISON OF EXCITATION OPTIMIZATION FOR THE PAYLOAD

MODEL BY LIMITING THE OPTIMIZATION COST

evaluated each method in implementing excitation optimization
within a given time. Specifically, the time consumption were
regulated by imposing a constraint on the maximum number of
function evaluations. In addition, all methods were run indepen-
dently 20 times.

Time consumption for completing the excitation optimization
task was limited to around 1 s. The parameter settings for our
method were as follows: Niter = 2, Npop = 6, with the initial-
ization ranges of decision variables set to [−3, 3]. For the other
methods, the fmincon solver was configured as follows: “Max-
FunctionEvaluations” = 30, the initialization ranges of decision
variables were [−3, 3]. Table XIV presents the evaluation results
for all methods. Only the excitation trajectories generated by
our method satisfy the physical constraints, while none of the
other methods can produce excitation trajectories that meet these
constraints within an optimization cost of 1 s. In addition, among
the 20 evaluation results of our method, the maximum condition
number is only 5.11, indicating a high-quality optimization
outcome.

Furthermore, the time consumption for completing the exci-
tation optimization task was limited to around 5 s. To achieve
this, we adjusted the parameters Npop and “MaxFunctionEval-
uations” to 30 and 140, respectively, while keeping the rest of
the parameters unchanged. Table XIV presents the evaluation
results for all methods. Notably, the success rate of our method
is 100%, indicating that all 20 optimization results meet the
physical constraints. In contrast, none of the results from the
compared methods meet the physical constraints, leading to a
success rate of 0%.
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After relaxing the time consumption to around 20 s, all
methods except Methods B1 and B2 can generate excitation
trajectories that meet the physical constraints with some prob-
ability. Notably, while Method C2 achieves a success rate of
95%, its results exhibit a very large condition number, indicating
that the observation matrix is ill-conditioned. Method A2 has a
condition number comparable to our method, but its success rate
is only 25%.

Overall, in the context of excitation optimization for payload
identification, our method outperforms Methods A1, A2, B1,
B2, C1, and C2. We also assessed the supervised learning-based
excitation optimization approach introduced by Duan et al. [32].
Let qini ∈ R6 represent the initial joint position of the robot prior
to executing the excitation trajectory, with qk,ini denoting the kth
element of qini. The trajectory was parameterized as described
in (1), with L = 4. Following the Duan’s approach, qk,0 was set
to qk,ini, imposing additional constraints on the initial conditions
as qk(0) = qk,ini. In this case, a total of eight Fourier coefficients
must be determined for each joint. For joints 3 to 6, there are a
total of 32 coefficients to be optimized. Within the supervised
learning framework, it is assumed that each qini is associated
with a set of optimal Fourier coefficients.

We randomly generated initial positions within the robot’s
configuration space and then applied a classical gradient-based
optimization method to perform excitation optimization on these
positions. Notably, gathering this dataset took nearly 5 days
on the computational platform described in the experiments.
We used a multilayer perceptron (MLP) neural network7 as our
model, with qini as the input and the 32 coefficients as the output.
The MLP model included an input layer with six units, followed
by two hidden layers with 64 and 32 neurons, respectively, using
ReLU activation functions. The output layer, with 32 units, was
designed for the regression task. The network was trained using
the Adam [45] optimizer, starting with an initial learning rate of
0.001. A piecewise learning rate schedule was applied, halving
the learning rate every 100 epochs, with a maximum of 500
epochs. The dataset was split into a training set (2000 samples),
a validation set (500 samples), and a test set (500 samples). Both
input and output data were standardized by subtracting the mean
and dividing by the standard deviation. The loss function was
defined as the mean squared error between the predicted coef-
ficients and the target coefficients. The Deep Learning Toolbox
in MATLAB was used for implementing the MLP model. Using
the trained MLP model, we generated excitation trajectories for
the payload model based on 20 selected initial joint positions,
with joints 1 and 2 fixed as specified in Table XIII, while joints
3 to 6 were randomly assigned within their allowable ranges.
Fig. 11 shows the time consumption and condition numbers of
Hb for these tests. Duan et al. proposed a postprocessing proce-
dure aimed at ensuring that the excitation trajectories generated
by the machine learning approach satisfy physical constraints,
though further details are beyond the scope of this article. Here,

7Duan et al. [32] trained individual Gaussian process models for each Fourier
coefficient. However, we found this approach to be time-consuming, as detailed
in our supplementary material. Moreover, we believe the Fourier coefficients are
correlated, making independent training inappropriate.

Fig. 11. Comparison of our method (Niter = 2,Npop = 6) with the supervised
learning-based approach. (a) Time required for generating excitation trajectories.
(b) Condition number of the observation matrix for the payload model.

Fig. 12. Constraint-violation of the excitation trajectories generated by MLP
and MLP&CE.

we refer to the postprocessed MLP model as “MLP&CE.” As
expected, MLP&CE shows excellent performance with signifi-
cantly lower time consumption, which is an order of magnitude
lower than the average time of our method. Both our method
and the MLP model involve deterministic computational steps,
indicating that, in theory, time consumption should remain
constant.8 This advantage is not seen in classical excitation op-
timization methods, which tend to have unpredictable execution
times.

However, the MLP exhibits a deficiency in terms of condition
numbers, with values reaching as high as 108, clearly failing
to meet the expected level. Furthermore, the postprocessing
procedure for constraints exacerbates the condition number, with
the maximum value exceeding 200 in the 20 test results. In stark
contrast, the condition number distribution generated by our
method is tightly clustered, with a maximum value of only 5.11.

The most significant challenge in practical application is the
violation of physical constraints by the machine learning ap-
proach. As shown in Fig. 12, the excitation trajectories generated
by the MLP fail to satisfy the physical constraints. In addition,
the postprocessing procedure in MLP&CE is unable to effec-
tively address these constraints. In terms of condition numbers,
our experimental results for MLP and MLP&CE are consistent
with those reported in [32], where the high condition numbers
are attributed to the limited generalization performance of the
trained model. Regarding constraint handling, the MLP inher-
ently fails to directly address physical constraints. Furthermore,
the constraint-handling method in MLP&CE is a rudimentary
solution that is effective only under specific ideal conditions, as
noted in [32].

8The fluctuations in execution time presented in Fig. 11 arise from unavoidable
practical factors, such as system load from background processes competing for
CPU resources and variations in memory management.
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Fig. 13. Platform for payload identification: A robot HSR-CO605, a payload
(a metal disc + bolts), an electronic weighing instrument.

C. Identification Results and Application Benefits

In this subsection, we demonstrate the effectiveness of our
method in model identification and its applicability to differ-
ent types of robots.9 It is worth noting that the robot’s links
contain various electrical components and mechanisms, which
make it challenging to obtain precise reference values for the
dynamic parameters of the body model. In light of this, directly
evaluating the accuracy of these parameters is not practically
feasible. In practice, identifying the dynamic parameters of the
payload model relies on a well-established dynamic model of the
robot body [46], whereas the payload’s mass can be measured
with high precision. Therefore, assessing the accuracy of the
payload identification results is a straightforward approach, and
it also reflects the identification accuracy of the body model.
In addition, comparing the differences between the predicted
forces/torques from inverse dynamics and the measured values is
also a common method for evaluating identification results [39].
The most indirect approach is to assess the performance in
model-based applications [40], but the results of this evaluation
are more closely aligned with the original intention of dynamic
research.

The dynamic identification results for the HSR-CO605 body
model are provided in the supplementary material. Furthermore,
we tested three configurations to compare the performance of our
method with that of a machine learning approach (MLP&CE)
in terms of payload identification accuracy using the generated
excitation trajectories. A payload was mounted on the end flange
of the HSR-CO605, with a measured mass of 3.04 kg, as shown
in Fig. 13. To mitigate overfitting in the identification results, a
linear matrix inequality approach for parameter estimation [47]
was employed. Table XV presents the condition numbers of the
payload model and the identified mass. The percentage error of
the identified mass using our method remains within 2%, while a
result from MLP&CE exceeds 4%; the improved accuracy of our
method is somewhat related to its smaller condition numbers. It
is important to note that the condition number determines the
upper bound of the uncertainty in parameter estimation, rather
than having a direct proportional relationship with identification

9The generation of excitation trajectories is similar across different robots, so
repetitive details are omitted.

TABLE XV
PAYLOAD IDENTIFICATION FOR THE HSR-CO605 ROBOT (MEASURED MASS:

3.04 KG)

Fig. 14. HSR-BR610 successfully performed payload identification task at a
wrist singularity configuration; the measured mass of 4.02 kg is just a case.

accuracy [7]. The remaining parameters of the payload are pro-
vided in the supplementary material, but a comparative analysis
is not included as the presence of irregular cavities in the payload
makes accurate measurements of these parameters difficult.

Furthermore, we conducted a more extensive validation of
our method on additional robots. The HSR-BR610 is a 6 DOF
robot with a payload capacity of 10 kg, as shown in Fig. 14.
Its transmission design differs from that of the HSR-CO605.
The HSR-CO605 adopts integrated joint modules [48], typical
of collaborative robots, whereas the HSR-BR610’s drive train
includes bevel gears.

We selected both singular and regular configurations for the
HSR-BR610 to conduct payload identification tests with three
weight levels: light (3.02 kg), medium (4.02 kg), and heavy
(10.04 kg). In addition, these payloads exhibit differences be-
tween eccentric and noneccentric characteristics. Payload iden-
tification was performed based on our excitation optimization
method, with the results summarized in Table XVI. It can be
observed that, except for the light payload, the percentage errors
of the identified mass for the other payloads are within 2%.
Notably, the identification accuracy generally tends to improve
as the mass increases. Besides, the identification error for the
3.02-kg payload remains below 3.5%, which still indicates a
high level of accuracy.

Furthermore, our method was applied to the HSR-SR201000
robot to generate excitation trajectories, followed by dynamic
parameter identification. HSR-SR201000, as shown in Fig. 15,
is a 4 DOF selective compliance assembly robot arm (SCARA)

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on August 28,2026 at 17:08:54 UTC from IEEE Xplore.  Restrictions apply. 



1990 IEEE TRANSACTIONS ON ROBOTICS, VOL. 41, 2025

TABLE XVI
PERCENTAGE ERROR STATISTICS OF PAYLOAD IDENTIFICATION ACCURACY FOR

THE HSR-BR610 ROBOT

Fig. 15. HSR-SR201000: a SCARA robot with a prismatic joint for joint 3,
while the other joints are revolute.

robot, featuring a prismatic joint for joint 3, while the other joints
are revolute. Notably, there is kinematic coupling between motor
4 and joint 3, which affects the dynamic behavior as discussed
in [49]. We selected a validation trajectory distinct from the iden-
tification motion to assess the accuracy of the dynamic model.
As shown in Fig. 16, the predicted forces/torques from inverse
dynamics closely fit the measured values. Let τm denote the
measured force/torque and τ p denote the predicted force/torque.
The relative force/torque error εr is given by

εr =
‖τm − τ p‖2
‖τm‖2 . (39)

Considering the significant differences in the magnitudes of
forces/torques across different joints, using the relative error εr
provides a more objective measure of the prediction accuracy.
From the results shown in Fig. 16, it can be observed that the
minimum value of εr is 5.47%, and the maximum value is
8.13%. Based on the statistical analysis of relative force/torque
error by Sousa et al. [40], it is evident that our method achieves
high-accuracy identification of the model parameters.

Our excitation optimization method was also applied to the
HSR-JR6210, a 6 DOF heavy payload robot with a payload
capacity of 210 kg, as shown in Fig. 17. Due to its weight of
up to 1150 kg, the joint flexibility cannot be ignored, and thus,
the robot’s state variables are divided into two parts: 1) motor
side; and 2) link side. The dynamic behavior of a flexible joint is
generally modeled as a two-inertia system [50] connected by a
torsional spring and a damper. However, the controller can only
directly measure and control the motor side, while the robot’s
links are driven by joint torsional springs. Therefore, to some

Fig. 16. Comparison between measured and predicted forces/torques for the
HSR-SR201000 robot on a validation trajectory; εr is the relative error.

Fig. 17. HSR-JR6210: a 6 DOF heavy payload robot with a 210-kg payload
capacity and a gravity compensator. P 1:{1500, 500, 580}, P 2:{1500, -500,
580},P 3:{2500, -500, 1580},P 4:{2500, 500, 1580}, andP 5: {2000, 0, 1080}
are five test points defined in the base frame B : {x, y, z} (unit: mm).
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TABLE XVII
POSITIONING ERRORS OF A HEAVY PAYLOAD ROBOT BEFORE AND AFTER

DEFORMATION ERROR COMPENSATION

extent, the heavy payload robot HSR-JR6210 can be considered
as an underactuated system [51].

We used a frequency-domain method [52] to identify the
motion independent dynamic parameters, such as joint stiffness
and motor inertia, in a two-inertia system. Furthermore, con-
sidering the high gear ratios and stiffness of industrial robots,
the relationship between link-side and motor-side state variables
was established, following the principles outlined in [53]. Fi-
nally, excitation optimization and parameter identification were
carried out for the link-side dynamic model. Evaluating the im-
provement of positioning accuracy through the deformation er-
ror compensation [54] is a straightforward method for verifying
the accuracy of the flexible joint dynamic model. Specifically,
let ql

d ∈ R6×1 and τ l
p ∈ R6×1 denote the desired joint position

and the predicted torque on the link side, respectively, and let
Ks ∈ R6×6 be the diagonal joint stiffness matrix. The desired
joint position on the motor side qm

d ∈ R6×1 is corrected as
follows:

qm
d = ql

d +K−1
s τ l

p. (40)

Five test points were selected within the workspace according to
the ISO 9283 standard to compare positioning errors before and
after applying deformation error compensation, following the
guidelines described in [55]. The results presented in Table XVII
indicate that our method remains effective for exciting heavy
payload robots with flexible joints.

Finally, we assessed excitation optimization performance
by testing the built-in payload identification function in sev-
eral industry-leading commercial robots. Appendix A presents
videos featuring the KUKA LBR iiwa 14 R820 (hereafter re-
ferred to as KUKA iiwa) and the ABB IRB 2600 (hereafter
referred to as ABB), demonstrating payload identification across
three different configurations. However, these robots execute the
excitation trajectories uniformly, without optimizing for each
specific configuration. Moreover, their excitation trajectories
involve single-joint movements rather than multiaxis coordina-
tion, which limits their ability to determine the inertia tensor.
Identifying the complete dynamic parameters of the payload
model is crucial for precise motion control. In addition, as illus-
trated in Figs. 18 and 19, both the KUKA iiwa and ABB robots
have some specific configurations that cannot be identified, as
noted in their product manuals. Typically, the KUKA iiwa fails
to perform identification in singular configurations, while the
ABB robot requires the axis of joint 5 to be horizontally aligned.
Given that workspaces are generally narrow and the robots’
allowable ranges of motion are fixed once deployed, these

Fig. 18. KUKA iiwa failed to determine payload data at the “A4 singularity”
configuration (i.e., the extended configuration).

Fig. 19. ABB’s joint 5 axis is parallel to the direction of the gravity vector,
making it impossible to identify the payload.

limitations hinder effective payload identification. The lack of
excitation optimization functionality in these commercial robots
for payload identification may stem from two factors: first, the
time-consuming aspect of available methods; and second, more
importantly, their inability to reliably produce feasible solutions
that meet physical constraints. In contrast, our method can
quickly and reliably generate an optimal excitation trajectory
according to the on-site configuration of the robots.

VI. CONCLUSION

Excitation optimization is an essential step in the dynamic
parameter identification of robots, typically formulated as a
constrained optimization problem. In existing methods, the so-
lution of excitation optimization relies on heuristic search or
iterative methods, which have two common drawbacks: 1) they
are time-consuming; and 2) they do not guarantee the discovery
of feasible solutions within a limited number of iterations. These
challenges hinder the application of excitation optimization in
online identification tasks.
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In this article, we proposed an analytical approach for han-
dling physical constraints in excitation optimization problems,
shifting the search for feasible solutions from an uncertain
iterative paradigm to deterministic calculations. This fundamen-
tal change ensures that every candidate solution during opti-
mization is feasible. Therefore, our method ensures adherence
to physical constraints, achieving a 100% success rate while
generating excitation trajectories with small condition numbers
within a short time frame (typically in the order of seconds
for online tasks related to payload model identification). In
fact, our analytical approach can also be used in the dataset
collection for machine learning-based excitation optimization
methods, helping to reduce time costs. In other words, there is
no substantial conflict between these two paradigms.

The experiments included a thorough comparison with exist-
ing methods, demonstrating the advantages of our approach in
terms of success rates, time efficiency, and condition numbers.
Although the tested platforms were limited to collaborative
and industrial robots, excitation optimization based on Fourier
trajectory parameterization has proven effective for arm model
identification in humanoid robots [56] and leg model identifi-
cation in hexapod robots [57]. Thus, the analytical approach
proposed in this article holds potential for broader applicabil-
ity. However, implementing excitation optimization on these
floating-base robots involves additional considerations, such
as balance, often requiring a divide-and-conquer strategy for
whole-body dynamics.

We would like to clarify the following points. Although the
Cartesian space constraints of the robot are more stringent, we
do not recommend explicitly considering them in excitation
optimization. On one hand, the inclusion of Cartesian constraints
significantly increases the optimization burden. On the other
hand, the complexities of the real-world environment make strict
formalization challenging. A convenient approach is to restrict
the allowable joint motion ranges according to the workspace,
allowing the robot to perform identification movements slowly
before executing excitation trajectories to check for collision
risks. Beyond Cartesian constraints, incorporating torque
into optimization may become a self-referential problem.
Specifically, excitation optimization is inherently intended
for parameter identification, and calculating torque relies on
model parameters. This issue is particularly pronounced when
addressing completely unknown payloads, given the absence
of prior model parameters. Generally, limiting the maximum
joint velocities and accelerations can effectively meet torque
constraints, and motors also have a certain overload capability.
Our method is predicated on the assumption that there are no
coupled constraints acting collectively on different joints. This
premise is applicable to the vast majority of robots but cannot
be directly applied to parallelogram arms and parallel robots. In
future work, we will explore how to extend the core principles
of our analytical approach to overcome this limitation.

Our method has been successfully deployed and validated
in the product family of Huashu Robot Company Ltd. Impor-
tantly, we have also open-sourced our code on GitHub, allowing
researchers to build upon our work and fostering further devel-
opment within the robotics community.

APPENDIX A
VIDEOS

Movie 1: Payload identification of an ABB robot at configu-
ration 1. https://youtu.be/gfVudS1STCk

Movie 2: Payload identification of an ABB robot at configu-
ration 2. https://youtu.be/g7BuE1PttMk

Movie 3: Payload identification of an ABB robot at configu-
ration 3. https://youtu.be/3zO4Cop6rJE

Movie 4: Payload identification of a KUKA iiwa robot at
configuration 1 (regular). https://youtu.be/W9kgzaSVbNg

Movie 5: Payload identification of a KUKA iiwa robot at
configuration 2 (singular). https://youtu.be/AWCemjW69Bg

Movie 6: Payload identification of a KUKA iiwa robot at
configuration 3 (regular). https://youtu.be/vNEM5J2FWt0

APPENDIX B
CODES AVAILABLE

https://github.com/HuangShifengHUST/AnaAp.PhyConst.
ExcitOptimi.DynIDen/tree/master
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