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ARTICLE INFO ABSTRACT

Editor: Mrinal Kumar Flexible aircraft design in modern transport aircraft improves fuel efficiency by increasing lift, reducing drag, and
minimizing weight. This design increases structural flexibility, requiring special attention to load at critical lo-

Keywords: cations to prevent failure during intense maneuvers or gusts. Traditional maneuver load alleviation is typically

Maneuver load alleviation achieved through static allocation of control surface deflections or linear aeroelastic models. It is particularly

Input redundancy
Flexible aircraft
Invariant manifold
Wind tunnel tests

challenging to separate flexible responses from rigid-body responses due to the nonlinear aerodynamic and
geometric characteristics of flexible aircraft. This paper proposes a decoupled dynamic load alleviation strategy
for input-redundant flexible aircraft exploiting invariant manifold structures of nonlinear systems. The nonlinear
modeling considers static and periodically excited aeroelastic responses of flexible aircraft as a linear parameter-
varying system with nonlinear steady-state gain, facilitating a novel nonlinear control allocation framework. This
framework manipulates a proxy signal across the invariant manifold structure considering both high-frequency
and low-frequency aircraft response components to minimize impact on rigid-body responses, achieving effective
decoupling. The proposed nonlinear control allocation further minimizes load violation through output-input-
constraint conversion. A flexible aircraft wing prototype is developed and tested through simulations and
wind tunnel experiments, demonstrating enhanced load alleviation capabilities without compromising rigid-
body responses compared to existing methods.

typically introduce additional mechatronics components to alleviate
loads. These mechatronics components include both passive mecha-
nisms (variable stiffness airfoils [3], morphing wings with compliant
structures [4], wingtip devices [5], etc.) and active devices (piezoelec-
tric actuators [6], variable airfoil geometries [7], and adaptive morph-
ing devices [8], etc.). However, hardware approaches often suffer from
higher design, manufacturing, assembly, and verification costs than
software-based approaches.

Early software-based MLA methods focus solely on the optimization
of steady-state signals or static effectors [9-12]. To further exploit dy-
namic aeroelastic responses, White [13] introduced symmetric control
surface deflections proportional to the aircraft’s acceleration to reduce
loads. Yang et al. [14] enhanced this design by using multiple inde-
pendent control surfaces to increase MLA efficiency. Advancements in
aeroelastic modeling enabled the integration of Model predictive control
(MPC) [15-18], 7 control [19], and adaptive control [20] into MLA
methods. Haghighat et al. [15] proposed an MPC framework with an
additional feedback loop to improve the prediction accuracy of gust load
alleviation of very flexible aircraft. Liu et al. [18] incorporated MPC

1. Introduction

Following the aviation industry’s aim to cut carbon emissions by half
by 2050 [1], high-aspect-ratio wings and lightweight structures are
increasingly adopted in aircraft design for their enhanced lift-to-drag
ratio and reduced structural weight. This design leads to an flexible
aircraft (FA) design that exhibits more prominent aeroelastic responses,
such as larger deformation, lower flutter speed, more prone to vibra-
tions, and higher risks of structural divergence and failure. These
aeroelastic responses are particularly intense during aggressive ma-
neuvers or excessive gust encounters. Therefore, load alleviation
methods that effectively reduce the load at critical locations on FA are
needed. For load alleviation tasks, it is also desirable to preserve
rigid-body tracking performance [2] to avoid conflicts with existing
aircraft stabilizing augmentation systems and to enhance passenger ride
comfort.

Maneuver load alleviation (MLA) techniques are broadly categorized
into hardware and software-based approaches. Hardware approaches
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Nomenclature M, Out-of-plane bending moment
P The flight conditions parameter

n The number of control inputs Ly Lift force
m, The number of rigid outputs Xp The rigid and flexible states of the FA, as well as other
me The number of flexible outputs states necessary to present high-frequency aerodynamic
u Control inputs and aeroelastic effects
u Low-frequency control inputs Xp The internal state of the low-pass filter
up High-frequency control inputs XN The internal state of the high-frequency invariant manifold
uo(t) Control input trajectory Ap State matrix of the low-pass filter
un(t) Control allocation input trajectory An(p) State matrix of the linear parameter-varying model
u Inner control surface An(p) State matrix of the high-frequency invariant manifold
Uy Outer control surface B, Input matrix of the low-pass filter
y Flexible aircraft outputs Byu(p) Input matrix of the linear parameter-varying model
Yr Rigid outputs of the flexible aircraft Bn(p)  Input matrix of the high-frequency invariant manifold
Yr Flexible outputs of the flexible aircraft B, (u) Low-frequency invariant manifold
i Low-frequency flexible aircraft outputs (o Output matrix of the low-pass filter
Yh High-frequency flexible aircraft outputs Cnlp) Output matrix of the linear parameter-varying model
Yy Lower saturation bound of the flexible output Cn(p)  Output matrix of the high-frequency invariant manifold
Yf+ Upper s.aturation bour%d of the ﬂexible. output Acronyms
v Pr.oxy signal tk.lat rr}aplpulates the flexible responses CA Control allocation

w1thout. affecting ”81‘1 responses . CSCA Compensated static control allocation
v Proxy 51gnal. that mampl.llates tl.le lf)v.v—frequency flexible CNCA  Constraint nonlinear control allocation

responses without affecting static rigid responses DOF Degree of freedom
Vh Proxy signal that manipulates the high-frequency flexible DCA Dynamic control allocation

responses without affecting dynamic rigid responses FA Flexible aircraft
v The upper bound of the proxy signal FW Flexible wing
v The lower bound of the proxy signal M Invariant manifold
Sy The constraint proxy signal LPV-NG Linear parameter-varying system with nonlinear DC gain
Ty Flexible selection matrix LPV Linear parameter-varying
T, Rigid body selection matrix LTI Linear time-invariant
Gn(s,p) Transfer function form of the linear parameter-varying MLA Maneuver load alleviation

model MPC Model predictive control
fi Low-frequency nonlinear function that relates low- MIMO  Multiple-input multiple-output

frequency inputs to low-frequency flexible aircraft outputs NURBS Non-uniform rational B-spline
f(w) The nonlinear effectiveness in the linear parameter- NCA Nonlinear control allocation

varying model OICC Output-input constraint conversion
Ji The Jacobian of the low-frequency nonlinear function SISO Single-input single-output
Ue Low-frequency compensated signal SMB Static-model-based
Moy Time derivative of the low-frequency portion of the control VFA Very flexible aircraft

input ug

with linear quadratic Gaussian to achieve an infinite prediction horizon
and infinite control horizon to enhance the load alleviation performance
as the gust encounters. MPC with Burlion et al. [19] introduced an .7
approach with an output saturation strategy to optimize flight tracking
performance and wing-root bending moment reduction. Zhao et al. [20]
utilized a least mean-squared algorithm in their adaptive controller to
decrease the wing-root bending moment in a large transport airplane.
However, due to the high computational cost of solving coupled dy-
namic models, these methods limit the use of reduced-order or linear-
ized models. These reduced-order or linearized models are insufficient
to capture the nonlinearity of the FA.

The software-based MLA drives the need for low computational cost
aeroelastic models that capture the inherent geometric and aerodynamic
nonlinearity of FA. Unlike traditional rigid aircraft with only 6 degree of
freedoms (DOF), FA typically has hundreds or thousands of states [20,
211, due to local deformations. Previous literature widely applies linear
elastic deformation to the modeling of FA. Schmidt and Raney [22]
consider elastic deformation caused displacement change in the flexible
vehicles modeling. Tuzcu [23] combines rigid-body aircraft equation of
motion and elastic deformation-related terms to model flexible aircraft.
Generally, the very flexible aircraft (VFA) exhibit more flexibility than

FA, which is characterized by high aspect ratio wings [24], very flexible
structure [25], and low natural frequency [26]. It leads to coupled
nonlinearity in structure and aerodynamics. Carre et al. [27] established
a nonlinear dynamic aeroelastic simulation toolbox for VFA. Shearer
and Cesnik [28] integrated conventional 6-DOF equations of motion
with aeroelastic equations to capture the nonlinear geometric behavior
of VFAs. Duan et al. [29,30] proposed a reduced-order model combining
conventional rigid-body 6-DOF equations, nonlinear structural dy-
namics, and data-driven low-order aerodynamics to describe VFA.
However, these methods require high development costs and lack direct
compatibility with the experimental data.

One unique opportunity to achieve MLA arises from the increased
redundancy in modern aircraft design. This increased number of inputs
enables the load alleviation to be decoupled from the rigid-body
tracking control. Zink et al. [31] optimized aircraft trim solutions
while reducing wing root bending moments. Frost et al. [32] developed
a load alleviation framework incorporating structural load feedback.
Hansen et al. [33] utilized a dynamic null space filter for a linear
parameter-varying  system. Zaccarian [34] proposed a
static-model-based (SMB) allocator for nonlinear systems to achieve
additional control objectives. However, existing approaches only
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address static or dynamic input-redundant systems, limiting their ability
to simultaneously achieve precise control allocation for steady-state
accuracy and handle high-frequency dynamics.

To overcome these limitations, a novel constraint nonlinear control
allocation (CNCA) method is proposed to enhance MLA performance.
Compared with existing methods, the core contributions are:

e An linear parameter-varying system with nonlinear DC gain (LPV-
NG) is proposed that preserves the dynamic properties of FA through
conventional linear parameter-varying (LPV) models while
capturing low-frequency nonlinearity via static nonlinear functions.
It is also conveniently acquired from experimental data.

e A decomposed invariant manifold (IM) structure is conveniently
constructed from experimental data. IM aligns with the LPV-NG
system while ensuring effective decoupling control allocation with
minimal impact on the FA’s rigid-body responses.

e A CNCA framework is established to enhance MLA performance by

minimizing flexible load violation and enhancing resistance to high-

frequency disturbances.

The proposed method is verified in simulations and wind tunnel

experiments on a flexible wing (FW) prototype.

The paper is organized as follows: Section 2 proposes the LPV-NG
system, which describes the static and dynamic properties of the FA.
Section 3 details the establishment of IM for a special LPV-NG system.
Section 4 illustrates the FW design as a classic representation of FA,
including wind tunnel tests for model construction and the load allevi-
ation (LA) verification of proposed methods via simulation and wind
tunnel tests.

2. Flexible aircraft modeling as the linear parameter-varying
system with nonlinear DC gain

Increased flexibility reduces the frequency separation between rigid-
body and flexible modes, intensifying interactions between flight control
systems and structural dynamics. While the frequency separation
assumption fails for VFA with elastic mode frequencies below 2.5 Hz
[26] and requires fully coupled dynamic modeling [35], it remains valid
for FA, where aeroelastic modes typically exceed 6 Hz [36]. This study
focuses on FA, considering the frequency separation assumption as a
reliable modeling simplification. Consider an FA is actuated by n control
inputs u € R" (i.e., control surfaces and thrust forces). The output of the
FA consists of m, rigid outputs (i.e., translational and rotational veloc-
ities, lift, drag, etc.), written as y,, as well as additional m, flexible
outputs describing the overall aeroelastic behavior defined as y, i.e.,

y=1{y ¥} )

General flexible outputs y; are typically of high order to describe the
overall flexible response. However, in practical settings, the reduced-
order load at critical locations, such as the wing root, plays an impor-
tant role in evaluating the aircraft load. This work considers this
reduced-order flexible responses description, i.e., the yy, as the standard
to set up safety margins for the dynamic model.

The dynamic modeling of FA is challenging due to its nonlinearity,
which is dependent on flight conditions. Moreover, it is challenging to
find a unified dynamic model that combines static and dynamic data
acquired from static and periodically excited wind tunnel experiments.
Accurately modeling the unified behavior of flexible aircraft, encom-
passing both static and dynamic responses, presents significant chal-
lenges for physics-based theoretical modeling, such as Newtonian-
Lagrangian modeling [37], strain-based beam finite element modeling
[35], and reduced-order modeling [38]. To address these issues, the
work proposes an LPV-NG dynamic model that describes both the static
and dynamic aircraft responses. The key in the LPV-NG dynamic model
is the decomposition of high-frequency and low-frequency parts of input
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and outputs, i.e.,

u=u + up,

2
Y=Yi+Yn 2

The low-frequency input-to-output relationship is assumed to follow a
nonlinear function f;(-), which is defined as

i = filw). 3

The high-frequency dynamic relationship is described as a strictly
proper LPV system. It can be derived from physics-based modeling or
identified directly through integration with conventional aeroelastic
tests, facilitating its efficient extraction from experimental data. The LPV
model is expressed in state space form, i.e.,

Xn = An(p)xn + Br(p)un, yn = Cr(p)Xn. @

Define the equivalent transfer function of the LPV model as Gy (s, p). To
ensure the compatibility of the static model and this LPV system, the DC
gain of the LPV system should equal the gradients of the static nonlinear
function, i.e.,

ofi(w)

Gn(0,p) = Ji(w) = o %)

Assume the low-frequency part of the input signal is acquired via a low-
pass filter. It’s defined in state space form as

Xp = ApXp + B, Uy = CpX;. (6)

The overall decomposition defines a practical LPV-NG system in the
following form

X Ap —BinGy | ( xn By
o 1o a [\x| |s["
P P P P (7)
Xn
y=[Cy 0]{ }+f,(cpxp).
Xp

The parameter p is omitted in the Eq. (7) for conciseness. The LPV-NG
system’s benefit is capturing the aircraft’s static nonlinearity using
nonlinear functions while preserving dynamic response with the LPV
model. It also allows convenient acquisition of the static relationship
and LPV matrices through static wind tunnel tests and local linear sys-
tem identification.

3. Dynamic load alleviation of flexible aircraft exploiting
invariant manifold

3.1. Input redundancy in the flexible aircraft

Modern transport aircraft are typically designed with input redun-
dancy for enhanced flight safety under actuator faults. Input redundancy
typically means that the aircraft has more control inputs than its rigid-
body outputs [2]. This definition is also preserved in the modeling of
FA,i.e.,

n>m,. (€)]

Input redundancy is usually exploited in the flight control system, where
the force and moment are first generated, and then redistributed
through control effectors, such as control surfaces. Mathematically,
input redundancy is classified as strong and weak input redundancy
[39]. Strong input redundancy requires the control input to counteract
each other such that the system’s internal states are not affected and is
typically embraced in rigid aircraft control systems. However, the strong
input redundancy normally fails in handling the FA since the redis-
tributed force and moments at different control effectors will inevitably
introduce flexible responses and aircraft deformations [33]. To address
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these issues, weak input redundancy is more appropriate as it allows the
system’s internal states to be affected in the control allocation process
while keeping rigid output unchanged. In this work, the input redun-
dancy specified in Eq. (8) is a standard weak input redundancy defini-
tion. This framework enables the additional control objectives apart
from the rigid-body control [40]: the structural loads at critical locations
of FA are chosen to be alleviated.

3.2. Invariant manifold structure parameterized with proxy signal

The flight control system of an FA is expected to satisfy both rigid-
body trajectory tracking as well as the objective of alleviating the
loads at critical locations. However, the FA rigid and flexible outputs are
typically coupled, and the introduction of LA typically will also affect
the rigid-body responses, not conducive to passenger ride comfort. It is
desirable to decouple the LA functionalities with the rigid body tracking
[33,40], but the nonlinearities in the FA models pose challenges. In this
work, this decoupling is achieved by allocating control input exploiting
the IM specified by the FA’s LPV-NG model. Specifically, consider the
allocation of the control input trajectory following

u(t) = ug(t) + un(t). (C)]

Consider the FA responds to both uy(t) and u(t). The desirable decou-
pling of the rigid-body and flexible response requires

Yr(to) = yr(w),
V(o) # yr(u). (10)

This indicates an invariant manifold considering the rigid-body dynamic
responses. To effectively allocate the allocated input uy to satisfy Eq.
(10) under the LPV-NG framework, the invariant manifold is established
separately from the analysis of its low-frequency and high-frequency
parts by indicating with subscript [ and h respectively. The low-
frequency signals appearing in the paper are obtained by applying a
low-pass filter to the original signal.

The low-frequency portion of the allocated control uy; is expected to
satisfy

Tofi(uo) = Tr fi(Uos + unyg), an
where the selection matrix is defined as

Ty = [T, Ompm |,

(12)
Tr = [Om,xmf Imr ]
To ensure that the low-frequency rigid outputs are invariant, uy; is
constructed with
Ifi(w)

tyg = By (w)vi + ., BL (ur) = Ker (TrTul> , 13)

where Ker(-) marks the null space of a fat matrix. It is guaranteed by the
weak input redundancy condition as n > m,. The proxy signal v(t) is
typically selected to be a low-frequency signal to satisfy the decompo-
sition of the LPV-NG framework defined in Eq. (7). Moreover, the u, will
be zero when the control input trajectory ug is the steady value. The
compensation term g, (t) is obtained from the time derivative of Eq. (11)
that

pe(£) = Ji(toy + uny) i T,Ji (o) poy

_ a4
— Jy(uog + uny) lTrfTrJz(uo.z + Unyg) oy,

where (-)! denotes the right pseudoinverse of a matrix.
The high-frequency portion of the allocated signal uyj, is expected to
satisfy

T,Gh(s7p)uN7h =0. (15)
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Note that TGy (s, p) represents the high frequency of the rigid output,
and is a fat transfer function matrix as the redundancy condition in Eq.
(8) specifies. Accordingly, it can be decomposed via matrix fraction
description, i.e.,

T.Gn(s, p) = Dy, (s, p)Ni(s, ). 16)

Note that the numerator matrix Nj(s, p) is also a fat matrix; therefore, its
right null space is conveniently constructed as

NN(S.,/)) :Ker(Nh(s,p)), a7)
satisfying
Ni(s,p)Ny(s,p) = 0. as)

The direct matrix fraction description in Eq. (16) may not guarantee that
Dy(s,p) yields stable poles. Thus, in practical setups, a different stable
denominator matrix Dy(s,p) can be adopted. With this formulation, it
verifies that an LPV system given by

GN(Sap) :NN(SHO)DN(SHD)AT (19)
yields zero responses to the system because of the relationship

T,Gn(s,p)unp =
D, (s, p)Na(s, p)N(s, p)Dn(s,p) 'va = 0 (20
———— —

=0

To connect with decomposition in Eq. (2), the low-frequency and
high-frequency proxy signal satisfy v = v;+ v,. Define a state space
realization of the high-frequency invariant manifold Gy(s, p) as

Xy = An(p)Xn + Bn(p)Vh,

uyy = Cyn(p)xy. 21)

The overall IM of FA includes the static IM B, (), static compensator .,
and dynamic IM Gy(s,p). They are combined as

xd:ANxd+§N1v+EN2{u0 Ho }T7 ©22)

uy = CyXyq,

.
where system state x; = {Xv Uny Xy X, X, } , and state-space
matrices are

Ay 0 0 0 —ByG,

0o 0 0 % pg
- xI‘O
A=10 04 0 O

000 4 O

0 0 ,

I ] (23)

By 0 o

0 0 o
Bu=|0|,Bn=|B 0

0 0 B,

B, 0 o

Cv=[Cy I 0 0 0],

where variables x,, x,,, and x, are the state of the low pass filter for the
U, o, and v respectively. The parameter p is omitted in the Eq. (23) for
conciseness. The formal expression in Eq. (22) highlights that v is the
manipulated variable, and {uy ,}" is considered a system disturbance.
It enables an IM to naturally yield allocated input uy to guarantee the
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invariance of FA rigid responses as specified in Eq. (10). The proposed
decoupled method improves control allocation performance by allowing
to use nonlinear model to capture nonlinearity in the FA.

To address the robustness of the null space, the FA model is identified
directly from static and dynamic wind tunnel experiment data, ensuring
that the model accurately represents both the static magnitudes and
dynamic system behavior observed in the experiments. While the
identified model effectively captures the static and dynamic responses,
discrepancies may still occur due to factors such as variations in
experimental setup, environmental conditions, or unmodeled non-
linearities. The proposed framework addresses discrepancies by incor-
porating a fault detection mechanism to monitor significant deviations
from expected null space behavior. When such deviations are detected,
the null space is temporarily disengaged, activating an error mitigation
strategy. The block diagram in Fig. 1 illustrates the proposed fault
detection mechanism.

3.3. Constrained allocation exploiting the invariant manifold

Once the IM is established, the proxy signal v is manipulated to affect
the flexible outputs of FA without altering the rigid response. Consider
the control input 1y is generated from the pilot or conventional aircraft
controller. The LA feedback controller takes flexible output as input and
is defined as

V= C(rfyf), 24

where C is a conventional controller, whose sign depends on the effec-
tiveness at individual channels from v to y;. Term r is a desirable flexible
response reference. The proposed nonlinear control allocation (NCA)
method is established at this stage. Generally, NCA would be activated
once the flexible load exceeds the desirable flexible response reference.
It inevitably leads to unwanted load violations, which degrade overall
FA safety. To further reduce the occurrence of the load violation, the
CNCA method is proposed via Output-input constraint conversion
(OICC) [41] such that the constraints on ys is converted to the proxy
signal v. The block diagram of the proposed CNCA is shown in Fig. 1.

Assume the FA’s flexible output y; satisfy the saturation bounds
given by

Y, <y <Y/ (25)
The proxy signal v is manipulated to ensure flexible output y; remains in

the constraint. Consider the unified LPV-NG system description of FA
under the IM structure given by

xe :wae +Ble+Bw2{u0 Ho }Tv
¥r = Cuxe + filw),

(26)

T .
where x, = {Xn Xz u; Xy, X, X,} , and state-space matrices are

Uo,n Up | Flexible [
e *+i aircraft _yf_,
Low pass| Ug,i u |
0 filter |

Fig. 1. Block diagram of dynamic load alleviation of flexible aircraft through
proposed invariant manifold structure and flexible output constraint.
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expressed as

A 0 0 —-BG, 0 0
0 A, 0 0 0 -BG
0 00 0 J BG
=10 0 o A, 0 0 |
000 0 A4
0 o0 0 0 4 |
(0] (B 0] @7
B, 0 0
0 0 0
Bzl P15 o
0 0 B,
L By L0 0]
C,=[C C. 0 0 0 0],

where A, B;, and C, are the matrices of the state space realization of
T,Gn(s,p)Gn(s,p), respectively. The static compensation term is defined
asfic = ./x,, + Ci. The system is rewritten as the general form for OICC
derivation as

X(x,p) = f(x,p) + & (p)v + &(p)d,
Yr(x,p) = e1(x,p) + o (w), (28)

where d is considered as the system disturbance, and assuming the
maximum disturbance magnitude is known and it is expressed as M

ld(t)] < M(t). (29)

Two nonlinear functions y(x, PM, Y, Y] ) and T/(x, PM, Yy, Y;)
need to be found that ensure v belongs to [v,], and the flexible output y;
within the interval [Yf’ ,Yf ] . The relative degree r; and r,, marked by the

first nonzero Markov parameters, are each defined as the smallest
integer satisfying

LglL}Yf(xﬁp) =0,

x,Vi<r, —1 -
LglLf yf(xvp) > 07

, 30)
ngL}yf(x:p) =0,

Vx,Vi<r,—1 1
ngLfZ yf(xvp) > 07

where the symbol Lier is the jth Lie derivative of N along M. Define
experience parameters K;,, and K, to be positive constants. Then the
time-varying positive gain K is given by

_ K, +2M(t)e(x, p)

Ki(1) ) (31)
K., (Y; - Yf‘)

where ¢(x, p) is defined as
r2

e(x,p) = > Lo, L ' yp(x,p). (32)

i=1

Term e(x, p) is to relate the disturbance effect on the flexible load. With
relative degree and positive gain determined, constraints associated
with y; will be enforced by v for a given x, i.e.
{ B (t,x,p) < h(t,x,p) + hg, (t,%,p)V,

) S bl
h(t,x.p) + hy (t.%,p)v < B* (£,x,), 33)

where B(t,x,p), h(t,x,p), and hy, (t,x, p)are defined as
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B(tx,0) = K(OYF T M(De(x,p),

h(t7 x,ﬂ) = Kx(t) ZL}lyf(x,p), (34)
=0

n
he (t.x,p) = Ki(t) ZLglL;lyf(x1p)'
i=0

The initial condition of the nonlinear transfer function must satisfy

Y (0) < ys(x0,p) < Y/ (

0);
) (35)
B(0,x0,p) < h(0,%0,p) <B*(0,%0,p)-

Thus, the saturation bounds on the flexible output are indirectly satisfied
by imposing constraints on v as

K0 (Y - S Lyxp) - M
Lgl L;r’l 71yf(xa p)

K® (Y - S Lyxp) + M
Lo, L yp(x, p)

V=

(36)

l}:

The variable is defined as M = M(t)e(x,p). In practical applications, the
saturation is specified as

S

<=

(v) := max <min (y, V) ,min(v, v,,,)) , (37)

where v, = max(v, v). With flexible saturation defined, the CNCA
framework is established to minimize flexible output load violation
while maintaining rigid output unchanged to enhance the overall flight
safety of FA.

4. Flexible wing modeling and verification through simulation
and wind tunnel tests

4.1. Flexible wing design and calibration

To verify the proposed control allocation method, a FW prototype
was designed, fabricated, assembled, and controlled. The FW consisted
of four airfoil sections, each having a 97 mm span and 100 mm chord
length, connected by a central aluminum beam. Two outermost airfoil
sections were equipped with additional control surfaces capable of +20°
deflection. The wind tunnel experiments were conducted at the wind
tunnel of the Aerodynamic and Acoustics Facility (AAF) at The Hong
Kong University of Science and Technology (HKUST). The flexible wing
prototype parameters and wind tunnel installation are presented in
Table 1 and Fig. 2 respectively. The FW prototype comprised two Fee-
tech FT2304M digital servos on the outermost two airfoil sections and a
Hypersen HPS-FTO60E load cell at the wing root. Their specifications are
summarized in Table 2 and Table 3.

The load cell measures shear force and bending moment at the wing
root. The difference between lift and shear force is negligible in the low-
frequency vibration and steady-flow wind tunnel experiment cases [42].
In static cases, the measured shear force equals the lift, which is the sum

Table 1

Flexible wing prototype parameters.
Parameters Value
Semi-span 395 mm
Chord length 100 mm
Aspect ratio 7.9
Airfoil type NACA 0021
Control surface chord length 20 mm
Central beam width 30 mm
Central beam thickness 1.5 mm

Flexibility 15% maximal deformation of semi-span
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Servos

Central beam

'

motor

Load cell

=
S
S
=]
£
B

Fig. 2. Flexible wing design and installation in the wind tunnel.

Table 2

Digital servo parameters.
Parameters Values
Operational speed 0.08 5/60°
Stall torque 3.2 kg-cm

Dimension 23.5 x 8 x 23.4 mm
Weight 11g
Table 3
Load cell specifications.
Measurement Range Resolution
Fy, Fy +600 N 0.06 N
F, +800 N 0.08 N
My, My, M, +15 N-m 0.0015 N-m

of aerodynamic forces perpendicular to the airfoil surface. In dynamic
cases, the measurement also includes inertia forces from vibration. In
this study, the vibration frequency and magnitude are small, thus,
inertia forces are generally negligible compared to the lift [43].
Although using load cells to measure wing root bending moments is
impractical for commercial aircraft, reconstruction is achievable with
strain gauges and optical fiber strain sensors through estimation algo-
rithms. Placement optimization techniques, such as uncertainty reduc-
tion [44], and shape-sensing improvements [45], further enhance
reconstruction precision. Methods like the inverse finite element method
(iFEM) [46] and KO displacement theory [47] enable structural
deflection reconstruction and wing root bending moment estimation. By
integrating these estimation techniques, the proposed load alleviation
algorithm facilitates effective real-time load alleviation during flight
operations. Thus, load cells remain a practical simplification for labo-
ratory conditions.

In the wind tunnel experiments, the load cell and servos were sensed
and controlled in real-time with the Beckhoff TwinCAT system via
EtherCAT and RS485 communications at a 200 Hz sampling rate. Servos
were calibrated via the KEYENCE LK-503 1D profiler to establish the
nonlinear relationship between the control surface deflection in degree
and the servo duty cycle in percentage.

4.2. Flexible wing LPV-NG system identification via wind tunnel data

To connect to the LPV-NG system defined in Section 2, the control

surface deflections are defined as the control inputu = {u; u}'. The
term p defined in Eq. (4) and subsequent equations is the low-frequency
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control surface input y;. The output of the FW is defined as
y={M: L}, (38)

which are equivalent to the defined flexible response y; and rigid-body
response y.

The model’s nonlinearity roots from two primary sources: 1) the
nonlinear relationship between control surface inputs and aerodynamic
loads due to geometric deformations of the FW, and 2) the nonlinear
bending moments caused by different distances of control surfaces from
the wing root, despite uniform aerodynamic coefficients on all airfoil
sections. This nonlinear behavior is experimentally captured and rep-
resented by a nonlinear function defined in Eq. (3).

To establish a static portion of the LPV-NG model, static responses of
the FW acquired from the control surface deflections +20° with 4° in-
crements were sampled at a wind speed of 22 m/s. The bending moment
and lift experimental data with a Non-uniform rational B-spline
(NURBS) surface parameterization and their Jacobian data are shown in
Fig. 3 and Fig. 4. The NURBS fitting reached R? = 95.7%, indicating the
desired fitting performance of the static nonlinear function.

The dynamic wind tunnel test is to identify the LPV model using a
two-step frequency domain method. The first identification step extracts
the Laplace transform of the time-domain input-output dynamic wind
tunnel data, with control surface deflections as inputs, and flexible and
rigid outputs from the load cell as outputs. The second step involves
model identification of linear state-space models from the extracted
frequency responses. Wind tunnel tests included a sinusoidal excitation
to control surfaces from several constant angles as

ulj(t) = AliSin((Dit) +A10j} (39)
uzj(t) = AziSin((Dit) -+ AZOj,

where w; is the excitation frequencies, A;; and Ay; are the shrinking
excitation amplitudes to ensure the motor has sufficient torque. The
selection of frequencies and amplitudes is shown in Fig. 5. A1o; and Agg;
describe the offset angle introduced to the control surfaces.

From practical FW use cases, the LA application typically starts from
a scenario where the outer control surface supports all the control ac-
tions. Therefore, {ij Azoj}T is only chosen from the three static
deflections{0 0}, {0 5}, and {0 10}". The dynamic excitations are
introduced based on top of these static deflections. A complete dynamic
test consists of two sub-tests. In the first sub-test, a sinusoidal signal with
a specified amplitude, frequency, and offset angle is applied to the inner
control surface, while the outer control surface is held stationary at
offset angle Aj;. The second sub-test involves alternating the signal
input between the inner and outer control surfaces. The output of the
locally identified linear time-invariant (LTI) model is solely dependent

on increases from the offset angle {A1q; Azoj}T ie.,

W fi(w) © Exp. data]

Fig. 3. The bending moment and lift of flexible wing and its NURBS parame-
terization from static wind tunnel test.
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Fig. 5. Amplitude and frequency input sets for dynamic LPV-NG system
identification.

Ay;(t) = y;(t) — fip;) (40)

where p; = {A1g, Axq, }T.

The input U(s,p;) and output AY(s,p;) are the Laplace transform of
u;(t) and Ay;(t) defined in Eq. (39) and Eq. (40), respectively. A multiple-
input multiple-output (MIMO) sub-model is constructed around control
surface offset p; via decomposition to multiple single-input single-output

(SISO) systems i.e.,

Ui (s.;)

UZ(Svf’j)}

AYu,1(s.p;)  AYw2(s,p;)
AYya(sp)  AYia(s,p)

Uls,py) = [

(41)

AY (s, p;) =

where subscripts 1 and 2 representing AY), or AY;, are obtained from
the case of the corresponding control surfaces oscillating at a given
amplitude and frequency. Four sets of SISO frequency response data
were generated as

AYu,1(s.p;) AY,2(s.p;)

Gu (s7pj) - U, (s7pj) o (S7pj) B U, (Syl’j)
(42)
AY; 1 (s,p)) AYy, (s, p;)
2P iy

Therefore, one of the sub-models was acquired as
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Gyj (&ﬂj) Graj (Svﬂj)

, 43
Goj(5,p;)  Gagi(s,p;) |’ “3

Gi(s.py) =

Multiple experiments were performed to obtain three sub-models at
each offset angle. The LTI model G(s) was acquired via the model
average principle to three sub-models. The generation of G(s) may be
slightly different based on the offset angle selected. The current
approach takes averages among these estimations.

The nonlinear effectiveness is acquired from the averaged model and
FW static response as

f(w) = G(0) " y(w), (44)

where G(0) is defined as the DC gain of the LTI model G(s). Note that
nonlinear effectiveness alters the input of Eq. (41) as Us (s, p]-) =

f(p;)Un(s), and the local identification processes from Eq. (41) to Eq.
(43) are repeated to obtain three normalized sub-models G,(s,p,), Ga(s,
ps), and Gy (s,p10). The main goal of f(;) is to minimize the gap between
LTI models. The bode plot in Fig. 6 demonstrates successful normali-
zation of sub-models via merging into one line, indicating the proposed
decomposition in Eq. (41) is a reasonable description. This also gua-
rantees the compatibility condition in Eq. (5).

In addition, the nonlinear effectiveness is added to the averaged LTI
model G(s) as

Gu(s,p;) = G(s)f (p;)- (45)

Three additional models Gx(s,p,), Gn(S,ps), and Gi(s, p1o) were obtained.
It is shown in Fig. 6 that this format predicts frequency responses very
well at different offset angles and matches with experimental data. This
indicates that the parameter of the LPV system in Eq. (4) only has
varying terms on the control effectiveness matrices. Therefore, the LPV
system is simplified to

Yi(s) = G(s)f (w) Un(s), (46)

where Up(s) and Yj(s) are the Laplace transform of ux(t) and yn(t)
defined in Eq. (4), respectively.

The verification of the proposed LPV-NG system is highlighted in the
frequency response plot shown in Fig. 6. The offsets of the frequency
response data are well predicted with the established LPV-NG model. It’s
worth noting that the peak in Fig. 6 represents the first aeroelastic mode
of the FW prototype, which is sufficiently high to justify the frequency
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separation assumption. Additionally, a 2 Hz low-pass Butterworth filter
applied to control inputs effectively decouples aeroelastic and rigid-
body modes, further reinforcing the robustness of the frequency sepa-
ration assumption in this study. Moreover, the LPV uncertainty is eval-
uated by comparing the identified model with experimental data in the
frequency domain, demonstrating high phase agreement. This phase
alignment is critical for robust null space modeling, as it ensures accu-
rate capture of dynamic interactions, minimizes representation errors
and maintains stability while avoiding performance degradation [48].

4.3. Simulation verification of nonlinear-control-allocation load
alleviation

From practical FW use cases, it is assumed that the FW control is
generated to track a given trajectory that transitions from a trimmed
flight to the climbing phase. This trajectory is selected as it typically
introduces excessive load to the structure. Two trajectories are simu-
lated in this subsection, including

o Flight Condition I: Wind speed 22 m/s, uo 5 is defined as a trapezoidal
signal with a maximum 12°°, and the body angle of attack 2°°

e Flight Condition II: Wind speed 30 m/s, 1y is defined as a trape-
zoidal signal with a maximum 14°°, and body angle of attack 2°

It is expected that the maximum wing-root bending moment M, is
reduced by 10% with the proposed CNCA method while achieving
minimum change of the rigid-body output L, and least flexible load
violation.

In this framework, the single rigid-body output and the dual control
surface input formulate a redundant system, as defined in Eq. (8).
Accordingly, the corresponding LPV-NG IM in Section 3 is established,
where the flexible output is expected to be minimized. Therefore, the
feedback controller C is designed as a proportional-integral-derivative
(PID) controller. The desirable flexible response r is constructed to
satisfy a 10% reduction at the climb stage, yielding the proxy signal v, as
described in Eq. (24).

To show the effectiveness of the proposed methods, four different
control allocation methods are compared. They are:

e Proposed CNCA,
e Proposed NCA,

* Exp.(0,0)
* Exp.(0,5) 7G(0,0)(5)

* Exp.(0,10) —G(Oﬁ)(s) ———Gy(s,{0,0}) - Gh(s,{0,10})
7G(0,10)(5) ***** Gn(s,{0,5}) G(s)

5 0.04
E 0.03 0.0
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< 0.005 t
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=
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Fig. 6. Flexible wing LPV-NG system verification with dynamic wind tunnel experiment data, normalized sub-models G (s, pj), and the high-frequency portion of the

LPV-NG model Gy (s, ;)
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e Compensated static control allocation (CSCA) that consists of the
static CA method [34] and proposed static compensator p. in Eq.
(14), and

e Dynamic control allocation (DCA) [33] with LPV model only.

These four methods all exploit the invariant manifold structure via
proxy signals. Therefore, they generate separate v signals with dedicated
controllers. Note that LA input uy will be disconnected from the system
at the end of the climb phase.

The flexible and rigid output from simulations of MLA under Flight
Condition I is shown in Fig. 7. All four methods achieve LA within 10 s,
indicating similar closed-loop bandwidth across the controllers. How-
ever, differences are observed in their responses to flexible load viola-
tions and rigid output performance. The DCA exhibits the largest peak
values for both outputs, primarily due to delays in the dynamic IM
response. Conversely, CNCA displays the smallest peak values, demon-
strating the effectiveness of the OICC algorithm in manipulating the
proxy signal. This is further evidenced in Fig. 8, where the allocated
input uy 2 of DCA shows the smallest slope and is triggered last, whereas
CNCA exhibits more aggressive control efforts in uy 2. The performance
of the CSCA and NCA were similar before high-frequency excitation was
added to the simulation, as indicated by comparable patterns and
magnitudes in control allocation inputs. However, DCA differs in control
inputs and rigid steady-state value, due to the limitations of only using
the LPV system and dynamic IM to capture low-frequency nonlinearity.

The simulation incorporates 4 Hz sinusoidal excitations from 15 s to
22 s., as depicted in Fig. 7 and Fig. 8, revealing significant differences in
the impact on lift across all four cases. The CSCA method only maintains
CA effectiveness when the proxy signal v comprises only low-frequency
components. However, with high-frequency excitations, the static IM
fails, leading to noticeable oscillations in rigid-body output. In contrast,
the DCA method exhibits a reduction in the magnitude of high-
frequency excitations relative to the CSCA method. The proposed NCA
and CNCA methods introduce the smallest variations in rigid-body re-
sponses throughout both the static and dynamic portions of the simu-
lation. This confirms that the proposed methods, which utilize a
decomposed IM for the LPV-NG system, effectively perform the MLA
task without compromising the performance of the rigid-body
responses.

The advantages of IM decomposition and the impact of flexible
output constraints are highlighted in Fig. 9. The figure is organized into

0.65
g 06
£.0.55
S 05

045+

2.8

~N 2.6

2.4

0 5 10 15 20 25

Fig. 7. The wing root bending moment and lift of flight trajectory compared
with control allocation methods of DCA, CSCA, NCA, and CNCA in Flight
Condition I. A 4 Hz sinusoidal excitation is added to the proxy signal v at 15 s.
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Fig. 8. Comparison of input u, allocated input uy, and proxy signal v in Flight
Condition L.
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Fig. 9. Comparison of high-frequency and low-frequency input u, allocated
input uy, and proxy signal v for NCA, and CNCA cases in Flight Condition I.

two columns: the left and right column displays the low-frequency and
high-frequency components of the LPV-NG model input, allocated input,
and proxy signal, respectively. This decomposition demonstrates the
effective filtration of high-frequency sinusoidal excitation, enabling the
low-frequency IM to function within its optimal frequency range;
therefore it avoided significant oscillations in the rigid output as
depicted in Fig. 7. Furthermore, the implementation of a flexible output
constraint significantly reduced the peak load from 0.651 Nm in the
NCA scenario to 0.606 Nm, achieving a 59.7% reduction in load viola-
tion relative to the desirable load reference. This reduction is facilitated
by control allocation responses that effectively counteract control inputs
Uy, thereby decreasing flexible load while preserving rigid-body
response performance. In addition, the wingtip displacement is
directly correlated with the load. The maximum wingtip deflection
remained below 15% of the FW prototype’s semi-span, as observed in
the wind tunnel experiment.
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The simulation of Flight Condition II is illustrated in Fig. 10-Fig. 12.
All methods reduced 10% flexible output at higher flow speeds and
control inputs. The DCA consistently exhibited the highest peak values
and altered rigid steady-state values, attributed to the limitations of
solely using the LPV system and dynamic IM inaccurately capturing the
low-frequency nonlinearity of the FW. Conversely, the CNCA demon-
strated the lowest peak values for both rigid and flexible outputs,
reducing the peak load from the NCA case of 1.273 Nm to 1.173 Nm,
equating to a 69.4% load violation reduction with respect to the desir-
able flexible load reference. This effect is highlighted in Fig. 12, where
allocated input effectively counteracts control input, enhancing safety
and comfort for passengers. Similar to the previous case, NCA and CNCA
resulted in minimal sinusoidal oscillation in the rigid output.

The main difference between the two flight conditions is the addi-
tional vibration caused by a larger magnitude of control inputs during
the climb stage. As the load increases, the magnitude of the proxy signal
significantly increases for CSCA, NCA, and CNCA, leading to increased
vibration of control allocation input as presented in Fig. 11. The addi-
tional force output vibration is shown in Fig. 10. Moreover, flexible
output saturation in Fig. 12 demonstrates oscillation suppression of the
proposed CNCA method, which displays a reduction of high-frequency
oscillation during the climb stage with respect to NCA.

4.4. Wind tunnel test verification of load alleviation

The wind tunnel experiment was also conducted at the wind tunnel
of the HKUST AAF with the same hardware setup. The flow speed and
body angle of attack were 22 m/s and 2°° respectively. As in the simu-
lation, allocated input uy was disconnected from the system at the end of
the climb phase. The saturation bounds of control surfaces u were
limited to £20° to ensure digital servos are within the normal opera-
tional range.

The LA evaluation period spanned from 3.25 s to 21 s, based on the
load cell reading during the climb phase when the flexible output began
exceeding the desirable load reference. The error for bending load and
lift is introduced as

ey, =M, —r,

- 47
e, =Ly — Ly, “47
where M, and L, are the load cell outputs from wind tunnel experiments.
Term Ly, is the lift force without CA. Term r is a desirable flexible

——Ref. —CNCA —— NCA ——CSCA -~ DCA]

Fig. 10. The wing root bending moment and lift of flight trajectory in Flight
Condition II.
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Fig. 11. Comparison of input u, allocated input uy, and proxy signal v in Flight
Condition II.
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Fig. 12. Comparison of high-frequency and low-frequency input u, allocated
input uy, and proxy signal v in Flight Condition II.

response reference defined in Eq.(24). The quantified evaluation is listed
in Table 4. The * indicates the proposed method.

The load cell reading of wind tunnel tests is presented in Fig. 13.
CNCA, NCA, and CSCA completed the LA within 10 s. However, their
performances during the LA process and steady-state values vary. The
DCA exhibited the largest peak load due to dynamic IM lagging and the
highest steady-state error for both flexible and rigid outputs, as reflected

Table 4

Wind tunnel load alleviation performance evaluation.
Method Il emllco Il em Il Il el Il el

(N-mm) (%) (N-mm) )

CNCA* 16.7 -75.9 6.5 0.050
NCA* 69.2 0 15.7 0.043
CSCA* 71.4 +2.9 15.8 0.044
DCA [33] 119.3 +72.4 359 0.091
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Fig. 13. Load cell data of flexible wing wind tunnel load alleviation experiment
at flight condition of the wind speed 22 m/s, body angle of attack 2°, and max
pilot input 12°.

by the largest infinity-norms and 2-norms values. This error arises from
the saturation limit imposed on the control surface u, as illustrated in
Fig. 14, where DCA’s control surface reaches a 20° limit, but does not
achieve the LA, prompting continued excessive control efforts uy; up to
50°. This saturation is consistent with simulation results indicating that
control inputs need to exceed 20° to accomplish LA. The CSCA and NCA
cases demonstrate similar trends in both load types and norms analysis,
indicating that the wind tunnel environment is dominated by low fre-
quencies. Despite that, both cases experienced undesirable load viola-
tions on the flexible load. In contrast, the proposed CNCA method
effectively minimizes load violations by activating the proxy signal 0.5 s
earlier and more aggressively than the other methods, reducing 75.9%
in load violations with respect to NCA, as shown in Table 4, Fig. 14 and
Fig. 15. However, a minor trade-off between load violation suppression
and tracking performance is noted in CNCA, where the rigid load slightly
underperformed the reference between 3.25 s to 6 s, resulting in a higher
2-norms value for the rigid output of CNCA compared to NCA. Fig. 15
highlights the enhanced suppression of flexible load violations in CNCA
through more aggressive high-frequency control inputs.

In summary, the proposed CNCA method accomplishes MLA and
load violation suppression with minimal impact on the rigid-body
output during wind tunnel verification tests. Furthermore, wind tun-
nel tests demonstrate the LPV-NG model precisely captures the dynamic
and static responses of the FW prototype, as evidenced by the congruent
trends observed in the load cell output and allocated inputs from both

Fig. 14. Comparison of input u, control allocation input uy, and proxy signal v
of flexible wing wind tunnel experiment.
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Fig. 15. Comparison of the high-frequency and low-frequency portions of the
input u and control allocation input uy of the flexible wing wind tunnel
experiments.

wind tunnel and simulation studies.
5. Conclusion

This paper proposes a novel decoupled CNCA framework to enhance
dynamic MLA performance. The framework models input-redundant FA
as an LPV-NG, preserving dynamic properties of FA via conventional
LPV models and capturing static nonlinearity with static nonlinear
functions. Control allocation decoupling is achieved by an IM structure
that considers both high-frequency and low-frequency relationships of
the FA, ensuring that the proxy signal does not impact the rigid-body
response while reducing structural load at critical locations. Addition-
ally, flexible load constraint is implemented to further minimize struc-
tural load violations. The effectiveness of the proposed method was
validated using a FW prototype, with aerodynamic data gathered from
wind tunnel tests to show its compliance with the LPV-NG model. The
proposed CNCA method compares with existing allocation methods to
show its effectiveness in reducing load violation and mitigating high-
frequency disturbances without compromising rigid-body responses,
as shown via simulation and wind tunnel experiments.
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