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Abstract Speed and accuracy are conflicting demands that
must be met by manufacturing machines. This conflict is very
frequently encountered when executing sharp corners where,
to achieve tight tolerances, machine axes have to slow down
considerably thus sacrificing cycle time. The most common
way of reducing this tradeoff between speed and accuracy is to
smooth the corner using a pre-specified curve (e.g., a spline)
that allows high-speed cornering subject to path tolerance and
machine kinematic limits. This paper presents a different
corner-smoothing approach where the smoothing curve is
not specified a priori. Instead, an optimal control method is
used to generate the best free-form curve that minimizes cor-
ner traversal time while adhering to path tolerance and kine-
matic constraints. The resulting optimal free-form curve is
parameterized using an enhanced NURBS curve fitting pro-
cess to allow its accurate execution in a CNC. Illustrative
examples are presented to demonstrate the merits of the pro-
posed approach.

Keywords CNC . Cycle time . Corner smoothing . Optimal
control . NURBS

1 Introduction

The problem of accurate and time-optimal execution of sharp
corners has received plenty of attention in robotics and
manufacturing literature due to its influence on the overall
accuracy and speed of robots and manufacturing machines

[1–10]. To perfectly execute a sharp corner, a machine must
come to a complete stop at the corner while adhering to spec-
ified kinematic limits. However, manufacturing machines sel-
dom need to execute perfectly sharp corners. Instead, they are
often required to traverse the corner as fast as possible subject
to the tolerance constraints of the manufacturing process and
the kinematic limits of the machine [2, 5]. It is therefore com-
mon practice to smooth a corner with a continuous curve that
eliminates the need for the machine to come to a complete
stop, thus increasing cornering speed while keeping to toler-
ance requirements.

A large number smoothing techniques in the literature are
focused on short line segments (often less than 50 μm in
length) that are artificially formed by interpolating smooth
curves using numerous tiny straight lines (e.g., [7–9]). The
key goal of such techniques is to “compress” the numerous
tiny lines into a few smooth curves while keeping to path
tolerance specifications. This paper is however focused on a
different set of smoothing techniques that address corners
formed by the intersection of bona fide straight lines, with
lengths often greater than 1 mm (e.g., [1–6]). For such long
line segments, smoothing is highly localized to a corner region
that is typically a small fraction of the total length of the line.
The standard procedure in existing corner smoothing tech-
niques for long line segments is to first specify the geometry
of the smoothing curve in parametric form and then optimize
the motion along the curve. For instance, Jouaneh et al. [1]
employed a pair of clothoid curves at sharp corners to facilitate
smooth tracking motion in robots. Barre et al. [2] proposed a
heuristic corner-smoothing curve based on race car piloting.
Erkorkmaz and Altintas [3] used quintic splines, while Imani
and Jahanpour [4] employed P-H curves at sharp corners to
improve tracking accuracy in computerized numerical control
(CNC) machine tools. Beudaert et al. [6] tackled the problem
of smoothing sharp corners in five-axis motion profiles by
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using a pair of B-spline curves. Ernesto and Farouki [5] ad-
dressed the problem of traversing a sharp corner in minimum
time subject to tolerance and machine kinematics constraints.
They replaced the sharp corner by a conic parameterized as a
rational quadratic Bezier curve and determined the feed rate
profile along the curve that minimized corner traversal time.
The resulting nonlinear constrained optimization problem was
linearized so that near-optimal solutions could be obtained
using well-established linear programming methods. In a sim-
ilar vein, Sencer et al. [10] proposed smoothing sharp corners
with B-splines whose largest curvatures were minimized to
facilitate higher cornering speeds. The problem with existing
techniques is that the geometric profile selection is separated
from the feed rate optimization, which may unnecessarily lim-
it the achievable cornering speed. Therefore, in this paper, we
present a different approach where the smoothing curve is not
parametrically specified before solving the minimum-time
cornering problem. Instead, in Sect. 2, we make a useful sim-
plification to the problem that allows us in Sect. 3 to re-cast it
as a two-point boundary value problem (TPBVP) based on
Pontryagin’s minimum principle from optimal control theory.
This approach removes the constraints imposed on the opti-
mization problem by pre-specifying the smoothing curve.
Section 4 tackles practical issues related to the solution of
the TPBVP and proposes a novel technique for parameterizing
the resulting optimal free-form curve using nonuniform ratio-
nal B-spline (NURBS) so that it is usable in CNCs. In Sect. 5,
illustrative examples are presented to compare the perfor-
mance of the proposed method to unsmoothed corners as well
as to Ernesto and Farouki’s [5] smoothing approach, followed
by discussions and conclusions.

2 Formulation of minimum-time cornering problem

2.1 Exact formulation

Consider the planar cornering scenario shown in Fig. 1, aris-
ing from the intersection of two line segments generated by
perpendicular axes (x and y) of a manufacturing machine.
p1={0,0}

T is the resulting sharp corner, while angles θ1 and
θ2 respectively define the orientations of the incoming and
outgoing line segments. Based on the unit vectors t1={cosθ1,
sinθ1}

T and t2={cosθ2, sinθ2}
T along each line, two boundary

points p0=p1+l1t1 and p2=p1+l2t2 are specified to mark the
start and the end of the corner region surrounding p1. The
exact corner path can therefore be defined, per Ernesto and
Farouki [5], by the point set

r̂ ¼
p0 1−2ξð Þ þ p1 2ξ−0ð Þ for ξ∈ 0;

1

2

� �

p1 2−2ξð Þ þ p2 2ξ−1ð Þ for ξ∈
1

2
; 1

� �
8>><
>>: ð1Þ

For a manufacturing machine to perfectly negotiate the
sharp corner defined in Eq. (1), it would have to come to a
complete stop at p1 before continuing on to p2, thus severely
sacrificing cornering speed. However, having a perfectly
sharp corner is often not required in manufacturing processes.
It is instead permissible for the actual path to deviate from the
exact corner within specified tolerance constraints. For this
reason, it is customary to modify the corner trajectory such
that the machine traverses it as fast as possible while keeping
to the speed and tolerance constraints of the manufacturing
process, as well as to the kinematic limits of the machine axes.
Let the modified trajectory be defined by the point set

r tð Þ ¼ x tð Þ; y tð Þf gT ∀ t∈ t0; t2½ � ð2Þ
where t0 and t2 are respectively the time instants at p0 and p2.
To satisfy continuity requirements at p0 and p2, r(t) must
satisfy the conditions

r t0ð Þ ¼ p0; r t2ð Þ ¼ p2 ð3Þ
Similarly, dr(t)/dt must satisfy the end conditions

dr t0ð Þ
dt

¼ −V 0t1;
dr t2ð Þ
dt

¼ V 2t2 ð4Þ

where V0 and V2 are the speeds at p0 and p2, respectively.
Given the maximum allowable corner error, ε, the tolerance
constraint on r(t) can be expressed [5] as

dH r; r̂
� �

≤ε ð5Þ

with dH being the Hausdorff distance defined as

dH r; r̂
� �

¼ max sup

m∈r̂

inf
n∈r

d m; nð Þ; sup
m∈r

inf
n∈r̂

d m; nð Þ
0
@

1
A ð6Þ

where d is the Euclidean distance. The constraint of
Eq. (6) implies that the modified corner trajectory must
lie within the dashed lines surrounding the exact corner,

Fig. 1 Corner region of two intersecting lines
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as shown in Fig. 1. Additionally, the trajectory must sat-
isfy the kinematic constraints

dr tð Þ
dt

����
����≤Vmax ð7Þ

− Vx

Vy

� �
≤
dr tð Þ
dt

≤ Vx

Vy

� �
ð8Þ

and

− Ax

Ay

� �
≤
d2r tð Þ
dt2

≤ Ax

Ay

� �
ð9Þ

where Vmax is the maximum allowable speed along the
path, while Vx, Vy and Ax, Ay are the velocity and acceler-
ation limits of the x and y axes, respectively. Notice that
there is some redundancy in the velocity constraints of
Eqs. (7) and (8). The axis velocity limits of Eq.(8) are
typically governed by the velocity limits of the axis actu-
ators, while the path velocity constraint of Eq.(7) is dic-
tated by the feed rate specified in the numerical control
(NC) code for the manufacturing process. If the feed rate
in the NC code is properly planned, it would not exceed
the axis velocity limits, meaning that only Eq. (7) would
have to be satisfied. However, adding Eq. (8) provides a
safeguard (i.e., redundancy) in case the feed rate in the
NC code is improperly specified, causing the axes to ex-
ceed their velocity limits.

The optimal trajectory r(t) is the one that minimizes the
objective function

J ¼
Z t2

t0

dt ð10Þ

subject to the constraints defined in Eqs. (3) through (9).
The solution of this optimization problem is extremely
challenging, in large part due to the complicated point-
wise geometric constraints imposed by the Hausdorff dis-
tance defined in Eq.(6), which requires the entire corner
trajectory to be known beforehand. A simplification of the
problem is therefore needed to facilitate its solution.

2.2 Simplified formulation

The standard approach for simplifying the minimum-time
cornering problem defined above is to separate its geometric
constraints (i.e., Eqs. (3) and (5)) from its kinematic con-
straints (i.e., Eqs. (4) and (7)−(9)). The geometric shape of
the modified trajectory is pre-defined using a parametric curve
r(ξ) (where ξZ [0, 1] is the curve parameter) such that it

satisfies the geometric constraints. With the path now fixed,
the objective function can be reduced to

J ¼
Z t2

t0

dt ¼
Z 1

0

dr ξð Þ
dξ

����
���� 1

V ξð Þ dξ ð11Þ

from which the optimal speed profile V(ξ) that satisfies the
established kinematic constraints is determined. This ap-
proach, generally known as optimal feed rate scheduling, is
widely used in trajectory planning for robotics and
manufacturing applications, e.g., [11–14], and has recently
been applied to the minimum-time cornering problem by
Ernesto and Farouki [5].

While pre-defining the corner path greatly simplifies the
optimization problem, it could lead to sub-optimal solutions
because it does not guarantee that the selected curve is most
favorable for the optimization. A less rigid simplification to
the minimum-time cornering problem is proposed in this pa-
per, based on preliminary work reported by the authors in [15].
It is assumed that if the tolerance condition of Eq.(5) is satis-
fied at the corner point p1, then it is satisfied everywhere else
on the point set r(t). Therefore, the position and slope of r(t) at
p1 are selected such that

r t1ð Þ ¼ εcosβ; εsinβf gT ; β≜
θ1 þ θ2

2

r
�
t1ð Þ

r
�
t1ð Þ�� �� ¼ dir⋅ sinβ;−cosβf gT

ð12Þ

where dir=sgn({sin β, −cos β}T{cos θ2, sin θ2}) and t1 is the
time instant at p1. Equation (12) implies that the velocity at the
critical point must be perpendicular to the bisector of the cor-
ner and be directed towards p2. This allows r(t) to be split into
two portions, r1(t) for t ∈ [t0, t1] and r2(t) for t ∈ [t1, t2], whose
geometries are not pre-determined but instead are allowed to
vary according to the dictates of the optimization. Note that
Bosetti and Bertolazzi [16] have recently proposed a simplifi-
cation approach for optimal trajectory generation that bears
some similarity to the one described in Eq.(12). However, in
their approach, which is not focused on the cornering problem
addressed in this paper, r(t) is forced to pass through point p1
instead of the critical point r(t1) defined in Eq.(12). It should
be obvious to the reader that such an assumption is detrimental
to minimum-time cornering compared to the assumption
made in Eq.(12), even though it greatly simplifies the general
problem formulation studied in [16].

We observe empirically that the length li (i=1, 2) is critical
for the assumption made in Eq.(12) to be valid. The reason is
that the optimization seeks to minimize the curvature along the
corner path so that higher speeds can be achievedwhile keeping
to the imposed acceleration and endpoint constraints. If li is
small enough, the endpoint constraints combined with curva-
ture restraints are sufficient to prevent the optimized path from
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violating the tolerance conditions at points other than the critical
point defined in Eq.(12). Therefore, in the appendix, we provide
an estimation of themaximum li (i.e., li,max) that ensures that our
assumption is valid for a given cornering problem.

3 Solution of minimum-time cornering problem

The field of optimal control deals with the solution of dynamic
optimization problems like the one formulated in the previous
section. Generally speaking, there are two classes of solution
methods available: direct and indirect [17]. Direct methods
discretize the problem and solve it numerically using nonlin-
ear programming. Indirect methods, on the other hand, con-
vert the optimal control problem to a boundary value problem
by analytically providing conditions for optimality. Direct
methods are in general more robust than indirect methods.
However, they are well known to suffer from high computa-
tional costs, especially if a solution with high resolution is
desired [18]. In our preliminary investigation [15] using dy-
namic programming (a direct method), we show that the com-
putational burden of dynamic programming makes it imprac-
tical for solving the minimum-time cornering problem with
sufficient resolution. In this paper, we propose a solution to
the optimal cornering problem that combines the merits of
direct and indirect methods. Pontryagin’s minimum principle,
the basis of all indirect methods, is applied to the minimum-
time cornering problem thereby converting it into a TPBVP
which is solved using a search-based shooting algorithm. To
enhance the robustness of the TPBVP solution, a documenta-
tion of initial conditions using a direct method is proposed.

3.1 Theoretical overview of PMP

Given a dynamical system governed by the equation,

z
�
tð Þ ¼ f z tð Þ; u tð Þ; tð Þ; t∈ t0; t f

	 

;

z t0ð Þ ¼ z0; u tð Þ∈U

ð13Þ

where z is the state vector and U is the compact set of admis-
sible control inputs u(t) that must be chosen to minimize the
objective functional J given in general form by the equation

J ¼ K z t f
� �

; t f
� �þ

Z t f

t0

L z tð Þ; u tð Þ; tð Þdt ð14Þ

where K and L are scalar functions that depend on the optimi-
zation problem to be solved. Let the HamiltonianH be defined
as

H≜L z tð Þ; u tð Þ; tð Þ þ λT tð Þ f z tð Þ; u tð Þ; tð Þ ð15Þ
where λ is the so-called co-state vector of the system.

Pontryagin’s minimum principle (PMP) states that the optimal
state trajectory z*(t), co-state trajectory λ*(t), and control in-
put u*(t) must satisfy the conditions [17]

z
�
* tð Þ ¼ ∂H

∂p
z* tð Þ;u* tð Þ;λ* tð Þ; tð Þ ð16Þ

λ
�

* tð Þ ¼ −
∂H
∂z

z* tð Þ; u* tð Þ;λ* tð Þ; tð Þ ð17Þ

H z* tð Þ; u* tð Þ;λ* tð Þ; tð Þ≤H z* tð Þ; u tð Þ;λ* tð Þ; tð Þ ð18Þ

for all t ∈ [t0, tf] and u ∈ U. Additionally, the end conditions tf
and z(tf)=zf should satisfy the condition

dK

dz
z* t f
� �

; t f
� �

−λ* t f
� �� �T

δz fþ

H z* t f
� �

; u* t f
� �

;λ* t f
� �

; t f
� �þ dK

dt
z* t f
� �

; t f
� �� �

δt f ¼ 0

ð19Þ

where δzf and δtf represent the variations of zf and tf, respec-
tively [17]. δzf and δtf are zero if zf and tf are fixed (i.e.,
specified).

3.2 Application of PMP to the minimum-time cornering
problem

3.2.1 Derivation of system dynamics

The first step in applying PMP to the minimum-time cornering
problem defined in Sect. 2 is to formulate the system dynam-
ics in the form of Eq.(13); i.e.,

z
�¼ z� 1 z� 2 z� 3 z� 4 z� 5 z� 6 z� 7f gT

¼ x
�

u1 y
�

u2 h1 h2 h3

 �T ¼ f z; u; tð Þ ð20Þ

where u1 ¼ €x and u2=ÿ are the control inputs which are re-
spectively bounded by the axis acceleration limits Ax and Ay,
as defined in Eq.(9). The variable hj (j=1, 2, 3) is defined by a
single-sided penalty function [17] designed to enforce the ve-
locity constraints of Eqs.(7) and (8). It is given by

h j ¼ 0 s j < 0
s j

3 otherwise

�
;

s1≜x
� 2 þ y

� 2−V 2
max

s2≜ x
� 2 − V 2

x

s3≜ y
� 2 − V 2

y

ð21Þ

Note that the choice of a single-sided cubic function
for hj helps ensure a stiff penalty for violating the ve-
locity constraints.
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Defining the co-state vector λ={λ1, λ2 ,..., λ7}
T, the Ham-

iltonian is derived from Eq.(15) as

H ¼ 1þ λ1z2 þ λ2u1 þ λ3z4 þ λ4u2 þ λ5h1 þ λ6h2 þ λ7h3 ð22Þ

based on the objective function J defined in Eq.(10) for
which K=0 and L=1. By invoking Eq.(17), the dynam-
ics of the co-states (also known as the adjoint system
dynamics) is given by

λ
� ¼ 0 − λ1 þ 6 x

�
F2
þ s1ð Þλ5 þ F2

þ s2ð Þλ6

� �� �
0 − λ3 þ 6 y

�
F2
þ s1ð Þλ5 þ F2

þ s3ð Þλ7

� �� �
0 0 0


 �T

Fþ s j
� �

≜ 0 s < 0
s j otherwise

� ð23Þ

3.2.2 Optimal control protocol

The optimal control inputs must be determined based on
Eq.(18), which essentially states that the optimal control input
must be chosen such that it minimizes the Hamiltonian. Judg-
ing from Eq.(22), the optimal control input is given by

u1 ¼ −Axsgn λ2ð Þ for λ2≠0
u2 ¼ −Aysgn λ4ð Þ for λ4≠0

ð24Þ

As expected for a minimum-time problem, u1 and u2 are bang-
bang [11, 17]. However, there are two main problems with u1
and u2 as given by Eq.(24). First, they are not defined for any
finite durations where λ2=0 or λ4=0. Over such durations,
known as singular intervals, the optimal control cannot be
determined directly from Eq.(22); it must be determined by
investigating other properties of the dynamical system [17]. In
the minimum-time cornering problem, singular intervals can
occur only if the velocity constraints of Eqs.(7) and (8) be-
come active. We observe that the velocity constraints are typ-
ically active in portions of the trajectory where the curvature is
low thus allowing the trajectory to reach higher speeds with-
out violating the acceleration limits. One can assume that low-
curvature portions of the trajectory can be approximated as
straight lines for which bang-coast-bang acceleration (i.e.,
trapezoidal velocity) profiles deliver minimum-time motion
when velocity limits are activated [19]. It therefore makes
sense to turn off the control input (i.e., make u1=0 and/or
u2=0) during singular intervals so that the trajectory can coast.
The second problem with Eq.(24) is that the control input is
discontinuous, which can lead to numerical issues in the so-
lution of the problem. It is therefore of practical benefit to
replace it with a continuous curve having smoother transi-
tions. Consequently, the control law is modified to

u1 ¼ −Axsgn λ2ð Þ⋅ atanh k λ2j j−bð Þð Þ þ c½ �
u2 ¼ −Aysgn λ4ð Þ⋅ atanh k λ4j j−bð Þð Þ þ c½ � ð25Þ

where a and c must satisfy the conditions

a þ c ¼ 1
atanh kbð Þ−c ¼ 0

�
⇒a ¼ 1

1þ tanh kbð Þ ; c ¼ tanh kbð Þ
1þ tanh kbð Þ ð26Þ

To provide some intuition for the modified control input
defined in Eq.(25), the relationship between u1/Ax and λ2
is plotted in Fig. 2. (Note that the plot is the same for u2/
Ay and λ4). As can be seen, the control input is a smooth
function which transitions gradually between the negative
and positive acceleration limits. Additionally, around λ2=
0, it has a relatively flat portion whose width is modulated
by the variable b. The flat portion of the curve acts as a
(small) boundary layer to ensure that u1≈0 can be main-
tained when λ2≈0 in order to allow coasting during sin-
gular intervals. The abruptness of the transition between
the two control extremes is governed by the variable k;
increasing k makes the transition more abrupt and vice
versa. We recommend selecting k>10 so that the transi-
tion is not too sluggish, and b such that kb≈2 to ensure
that a sufficiently large boundary layer is formed around
λ2=0. It must be noted that, even though the modified
control input is more practical, it sacrifices optimality in
the strictest sense, as is demonstrated in Sect. 5.

3.2.3 Specification of boundary conditions

With the system dynamics and optimal control protocol spec-
ified, the final step in defining the TPBVP is to specify its
boundary conditions. In the simplified formulation presented
in Sect. 2.2, the corner trajectory consists of two portions (i.e.,
r1(t) for t ∈ [t0, t1] and r2(t) for t ∈ [t1, t2]). Therefore, there are
actually two TPBVPs that must be solved simultaneously to
obtain the optimal corner trajectory. For r1(t), let t01 and tf1
correspond to t0 and t1, respectively. Consequently, its initial
and final states, z(t01) and z(tf1), are given by

z t01ð Þ ¼ l1cosθ1 −V 0cosθ1 l1sinθ1 −V 0sinθ1 0 0 0f gT
z t f 1
� � ¼ εcosβ z2 t f 1

� �
εsinβ z4 t f 1

� �
0 0 0


 �T

ð27Þ
where z2(tf1) and z4(tf1) represent the unknown x and y
velocities at p1. The boundary conditions for r2(t) can
be obtained in a similar manner by letting t02 and tf2
correspond to t2 and t1, respectively, so that the initial
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and final states, z(t02) and z(tf2), are given by

z t02ð Þ ¼ l2cosθ2 −V 2cosθ2 l2sinθ2 −V 2sinθ2 0 0 0f gT
z t f 2
� � ¼ εcosβ −z2 t f 2

� �
εsinβ −z4 t f 2

� �
0 0 0


 �T

ð28Þ
Note that the boundary conditions for r2(t) are inten-
tionally set up such that time evolves from t2 to t1
(opposite the direction of motion) so that the two
TPBVPs coincide at time t1. Also, notice that in
Eqs. (27) and (28), the initial and final values of z5,
z6, and z7 are specified as zero. Since ż5(t), ż6(t), and
ż7(t) are each≥0 ∀ t, forcing the boundary conditions of
z5, z6, and z7 to be zero ensures that z5(t)=z6(t)=z7(t)=0
∀ t, thus ensuring that the velocity constraints of
Eqs. (7) and (8) are never violated [17]. Also, note
from Eqs. (27) and (28) that V0 and V2 are assumed
to be known. It is shown in the appendix that, provid-
ing li is not too short (i.e., providing li≥ li,min), V0=V1

*

and V2=V2
*, where Vi

*=min{|Vx/cos θi|, |Vy/sin θi|,
Vmax}, i=1, 2. Selecting li< li,min is not reasonable for
the proposed method because it severely reduces the

wiggle room to optimize the corner trajectory, thus
diminishing its advantage compared to methods with
pre-specified paths. Therefore, for our approach, we
stipulate that li≥ li,min so that V0=V1

* and V2=V2
* can

be assumed. Fixing the initial and final velocities of the
path also reduces the computational burden of the
TPBVP solution by reducing the number of unknown
states. Note that situations where the length of the line
segment is less than li,min can be readily incorporated
into the proposed method. However, such situations are
not considered in this paper because for such cases, it is
easier to use existing methods with pre-specified paths,
given that the proposed method would not provide any
significant cornering time advantages due to the lack of
wiggle room for optimization.

Since the direction of the velocity at p1 is perpendicular to
the bisector of the corner, z2(tf1) and z4(tf1) must satisfy the
relationship

z2 t f 1
� �

cosβ þ z4 t f 1
� �

sinβ ¼ 0 ð29Þ

Equation (19) provides an additional condition that must be
satisfied by the final value of the co-state vector. Since K=0
and, for the optimal system, H=0 [17], Eq. (19) reduces to

λTδz f ¼ 0⇒λ2 t f 1
� �

sinβ−λ4 t f 1
� �

cosβ ¼ 0 ð30Þ

The boundary conditions defined in Eqs. (27)–(30), combined
with the state and co-state dynamics and the optimal control
input (i.e., Eqs. (20), (23), and (25)), completely define the
two TPBVPs for the minimum-time cornering problem. How-
ever, as previously noted, the two TPBVPs must be solved
simultaneously. A problem that arises is that the durations, |tf1
−t01| and |tf2−t02|, of both TPBVPs are not necessarily the

Fig. 2 Modified control input with boundary layer and smoothing

Fig. 3 Corner paths of full stop,
Bezier curve, and proposed
optimal control methods for three
corner angles
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same. In other words, the TPBVPs could have different time
scales, thus making it difficult to solve them simultaneously.
To unify their time scales, we define parameter τ ∈ [0, 1] such
that

t ¼ τ t f i i ¼ 1; 2ð Þ ð31Þ

where t0i=0 has been arbitrarily assumed for convenience.
Consequently, both TPBVPs can be re-parameterized as func-
tions of τ via a straightforward variable change so that their
time scales match. However, since tfi are not known a priori,
they are included as extra states in the TPBVPs by defining
their dynamics as

t
�

f i ¼ 0 ð32Þ

To summarize, the optimal corner trajectory, r(t), is obtained
using PMP by solving two TPBVPs, associated with r1(t) and
r2(t), simultaneously. Combined, the two TPBVPs have 30
dynamic equations (i.e., the seven state dynamics of Eq.(20)
and seven co-state dynamics of Eq.(23) for each TPBVP, plus
the two state equations for time as defined in Eq.(32)). They
also have (combined) 30 boundary constraints, defined in
Eqs.(27)–(30). The optimal solution is gotten by determining
control inputs u1 ¼ €x and u2=ÿ that minimize the Hamiltonian
defined in Eq.(22). The optimal control input is the bang-bang
control input of Eq.(24), which is approximated using the
smoother profile given in Eq.(25) so as to obtain a solution
during singular intervals and to improve the numerical solu-
tion process. In general, TPBVPs can be solved using so-
called shooting algorithms [17], which can be readily pro-
grammed in commercial software with numerical solvers
(e.g. MATLAB®). However, two practical issues must be ad-
dressed to enhance the convergence and practicality of the
solution, as discussed in the next section.

4 Documentation of initial conditions
and parameterization of optimal corner trajectory

4.1 Documentation of initial conditions

The key challenge with solving TPBVPs is that their boundary
conditions are split. That is, they have to satisfy conditions at
the beginning and end of a set of differential equations. Some
TPBVPs, like the ones derived in the preceding section, have
an incomplete set of initial conditions that are completed by
end conditions. A shooting algorithm solves such TPBVPs by
guessing the unknown initial conditions and iteratively solv-
ing the resulting initial value problem to obtain final solutions
that match the known end conditions. Consequently, the con-
vergence of shooting algorithms is highly sensitive to the rea-
sonableness of the guessed initial conditions. To ensure a rea-
sonable set of initial conditions, in this paper we propose using

a direct method to generate low-resolution solutions for a
characteristic set of configurations of the minimum-time
cornering problem. The obtained solutions are then used to
create a database of initial conditions for the characteristic
set. Therefore, for any given cornering problem, the shooting
algorithm can be provided with the closest initial guesses from
the available solutions to facilitate its quick convergence to the
desired high-resolution optimal curve.

To create the database, we propose normalizing the vari-
ables of the problem as follows

r tð Þ ¼ 1

lmax
r tð Þ; ṙ tð Þ ¼ 1

Vmax
r
�
tð Þ;

ṙ̇ tð Þ ¼ lmax

V 2
max

€r tð Þ; t ¼ Vmax

lmax
t

ð33Þ

where lmax=max(l1, l2). Similarly, the parameters can be nor-
malized as

Vx ¼ Vx

Vmax
; Vy ¼ Vy

Vmax
; Ax ¼ lmax

V 2
max

Ax;

Ay ¼ lmax

V 2
max

Ay; ε ¼ ε
lmax

; li ¼ li
lmax

ð34Þ

Note that θ1 and θ2 do not need to be normalized because they
are only used inside trigonometric functions. The proposed
normalization provides two important benefits. First, it elimi-
nates Vmax and the larger of l1 and l2, since their normalized
values are unity. So we are left with eight parameters instead
of ten. Secondly, the maximum values of all normalized var-
iables and parameters are brought to the same order of mag-
nitude (~1), which improves the performance of the numerical
solvers.

The database for each TPBVP needs to provide a guess for
the 14 initial co-state vectors (i.e., λ(t0i)) and 2 final times tfi. It
can be in the form of a matrix of size 16Ns

8, if each of the
normalized parameters is discretized into Ns elements. We
have observed that Ns=~20 provides a reasonable resolution
for each parameter, as is demonstrated in illustrative examples
presented in Sect. 5. With the database established, the initial
conditions for a given minimum-time cornering problem can
be estimated by interpolating between the documented initial
conditions.

4.2 Parameterization of optimal trajectory using NURBS

The optimal free-form curve obtained by solving the TPBVPs
needs to be accurately parameterized such that is usable in a
CNC. The NURBS has become the de facto industry standard
for parameterizing free-form curves in computer-aided design
and manufacturing due to its intuitiveness and flexibility com-
bined with its excellent mathematical and algorithmic
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properties [20, 21]; therefore, it is adopted in this paper for
parameterization.

A NURBS curve of degree m, defined by n+1 control
points, b0, b1,…, bn, with corresponding weights, w0, w1,…,
wn, and a knot vector, {g0, g1,…, gm+n+1}

T, is expressed as
[20]

r ξð Þ ¼

Xn

k¼0

Nk;m ξð Þwkbk

Xn

k¼0

Nk;m ξð Þwk

¼
Xn

k¼0

Rk;m ξð Þbk ð35Þ

where ξ ∈ [0, 1] is the spline parameter and Nk,m(ξ) is the basis
function of degree m given by

Nk;m ξð Þ ¼ ξ−gk
gkþm−gk

Nk;m−1 ξð Þ

þ gkþmþ1−ξ
gkþmþ1−gkþ1

Nkþ1;m−1 ξð Þ ð36Þ

and

Nk;0 ξð Þ ¼ 1 gk ≤ξ < gkþ1

0 otherwise

�
ð37Þ

In the specific application of NURBS considered in
this paper, r(ξ) in Eq.(35) represents the optimal free-
form corner trajectory calculated by solving the TPBVPs
with parameter ξ representing time t ∈ [t0, t2] rescaled
such that t0=0 and t2=1. The traditional way of fitting a
NURBS curve to r(ξ) is to select an initial set of weights
w0, w1,…, wn (e.g., uniform weights, for simplicity) and a
uniform knot vector of the form [21]

g j ¼
0 0 ≤ j ≤ m

j−m
n−mþ 1

m þ 1 ≤ j ≤ n

1 nþ 1≤ j≤mþ nþ 1

8><
>: ð38Þ

Consequently, if ξ ∈ [0, 1] is discretized into E+1 uni-
formly spaced points such that ξ={ξ0, ξ1,…, ξE}, Eq.(35)
can be re-written in matrix form as

R0;m ξ0ð Þ R1;m ξ0ð Þ ⋯ Rn;m ξ0ð Þ
R0;m ξ1ð Þ R1;m ξ1ð Þ ⋯ Rn;m ξ1ð Þ

⋮ ⋮ ⋱ ⋮
R0;m ξEð Þ R1;m ξEð Þ ⋯ Rn;m ξEð Þ

2
664

3
775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
R

⋅

bT0
bT1
⋮
bTn

2
664

3
775

|fflfflffl{zfflfflffl}
B

¼
r ξ0ð ÞT
r ξ1ð ÞT
⋮

r ξEð ÞT

2
664

3
775

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Γ

ð39Þ

from which the matrix B of control points can be solved
for using the Least Squares equation

B ¼ RTR
� �−1

RT
� �

⋅Γ ð40Þ

A major problem with the traditional fitting process described
by Eq.(40) is that even though it gives very good fits for r(t), it
has been observed to give poorer fits for dr(t)/dt and d2r(t)/dt2

which are very important for smooth cornering motions. The
quality of the fit for higher order derivatives of r(t) could be
improved by adjusting the weights of the control points cor-
responding to sections with poor fits through an optimization
process [22]. As an alternative, in this paper, we propose an
enhanced NURBS fitting process that systematically incorpo-
rates higher order derivatives of r(t) thus reducing the need to
optimize weights to improve fitting accuracy. Let us assume
that the weights w0, w1,…, wn are uniform, such that Rk,m(ξ)=
Nk,m(ξ) in Eq.(35). Accordingly, r′(ξ) is a NURBS curve with
unity weights defined by n control points, degree m−1 and
knot vector [g1,g2,… gm+n]

T, obtained by dropping the first
and last knots from the knot vector of r(ξ) [21]; note that the
accent denotes derivative w.r.t. ξ. The control points of r (ξ),
denoted by bV, are related to the control points b of r(ξ) by
[21]

bV;k ¼ m
bkþ1−bk

gkþmþ1−gkþ1
; k ¼ 0; 1…n ð41Þ

Let us define Nd,k,m-1(ξ) as the basis function defined over the
reduced knot vector [g1,g2,… gm+n]

T. Accordingly, the time
derivative dr(t)/dt, due to its proportional relationship with
r (ξ), can be written as

r
�
ξð Þ ¼ 1

t f 1 þ t f 2
r
0
ξð Þ

¼ 1

t f 1 þ t f 2

Xn−1
k¼0

N d;k;m−1 ξð Þ m bkþ1−bkð Þ
gkþmþ1−gkþ1

ð42Þ

whose discretized form can be put in the compact format

Γ
� ¼ r

�
ξ0ð Þ … r

�
ξEð Þ	 
T ¼

r
0
ξ0ð Þ…r

0
ξEð Þ

h iT
t f 1 þ t f 2

¼ m

t f 1 þ t f 2
NdD1SnB ≜NVB ð43Þ

The matrix Nd is obtained by discretizing {Nd,k,m−1(ξ)}k=0,1,…,

n−1 over sampling indices ξ=[ξ0, ξ1,…, ξE], while Di (i=1, 2)
and Sn are defined as

Sn ¼
−1 1 0 … 0
0 −1 1 … 0
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 0 −1 1

2
664

3
775
n� nþ1ð Þ

;

Di ¼
gmþ1−gi 0 ⋯ 0

0 gmþ2−giþ1 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ 0 gmþnþ1−i−gn

2
664

3
775
−1

ð44Þ
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Following the same procedure, d2r(t)/dt2 can be written
in the form

€Γ ¼ €r ξ0ð Þ … €r ξEð Þ
h iT

¼ m m−1ð Þ
t f 1 þ t f 2
� �2 NddD2Sn−1D1SnB ≜NAB ð45Þ

where Ndd is obtained by discretizing {Ndd,k,m−2(ξ)}k=0,1,
…, n−2, computed over the reduced knot vector [g2,g3,…
gm+n−1]

T using ξ=[ξ0, ξ1,…, ξE]. The enhanced fitting
can therefore be performed by solving for B as follows

Γ
ρV Γ

�

ρA€Γ

2
4

3
5

|fflfflfflfflffl{zfflfflfflfflffl}
Γ

¼
N

ρVNV

ρANA

2
4

3
5

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
N

B ⇒ B ¼ N
T
N

� �−1

N
T
Γ ð46Þ

where the matrix N is the same as R defined in Eq.(39),
with Rk,m(ξ) replaced by Nk,m(ξ); ρV and ρA are weights
attached to dr(t)/dt and d2r(t)/dt2, respectively, to bring
them to the same order of magnitude as r(t). They can
be estimated as

ρV ¼ σ
.
σV

ρV ¼ σ
.
σA

ð47Þ

where σ, σV, and σA are the maximum singular values
(i.e., worst-case magnitudes) [23] of the matrices N, NV,
and NA, respectively.

5 Illustrative examples

Simulation-based examples, similar to those employed by
Ernesto and Farouki [5], are presented in this section to high-
light the merits and limitations of the proposed optimal
cornering and enhanced NURBS-based parameterization
methods. Three examples consisting of an acute-angled (θ1=
−175o, θ2=−130o), a right-angled (θ1=90

o, θ2=0), and an
obtuse-angled (θ1=50

o, θ2=−90o) corner, all with Vmax=
25 mm/s, Vx=Vy=100 mm/s, Ax=Ay=4000 mm/s2, l1= l2=
0.1 mm, and ε=0.015 mm are used to compare the following
approaches:

1. Full Stop: Exact sharp corner with no smoothing curve.
2. Bezier curve: The cornering time is optimized using the

method proposed by Ernesto and Farouki [5] based on a
pre-specified rational quadratic Bezier curve (a type of B-
spline) with optimal feed rate scheduling.

3. Optimal control: The cornering time is optimized using
the PMP-based optimal control method proposed in this
paper.

Note that for the Bezier curve method, the lengths l1 and l2
defined in this paper respectively correspond to lengths a1+
b1+l1 and a2+b2+l2 defined in [5]. Therefore, there is a slight
difference in notation. To avoid confusion, let us rename the li
in Ernesto and Farouki’s paper [5] as fi here so that li=ai+bi+fi
(where i=1, 2). With this clarification made, f1=f2=0.08 mm
is used to determine the shape (i.e., weight w2) of the Bezier
curve specified by Ernesto and Farouki that satisfies the tol-
erance constraint ε. The parameters ai and bi are then deter-
mined (following the procedure outlined in [5]) such that ai+
bi=0.02 mm. It is also important to note that, in their formu-
lation, Ernesto and Farouki [5] did not consider the velocity
constraints of Eqs. (7) and (8). Therefore, to make the com-
parison consistent, the equationEk≤½V2max has been added to
their method to enforce the path velocity constraint of Eq. (7).
Note that the axis velocity constraints of Eq.(8) are not taken
into account in the examples presented in this section because
Vx and Vy are greater than Vmax, as is typically the case for
properly planned manufacturing processes.

Fig. 4 Speed profiles of full stop, Bezier curve, and proposed optimal control methods for three corner angles

Table 1 Comparison of cornering times of the full stop, Bezier curve,
and proposed optimal control methods for three corners

Corner Cornering time [ms]

Full stop Bezier curve Optimal control

Acute angle (45o) 13.51 13.00 11.89

Right angle 14.25 10.05 9.56

Obtuse angle (140o) 13.52 7.72 7.81
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In the proposed approach, the initial condition documenta-
tion is performed using GPOPS-II, a MATLAB®-based opti-
mal control solver (direct method), and the resolution of θ1
and θ2 in the database is 5o. The TPBVPs are solved using a
shooting algorithm programmed in MATLAB® using its
fsolve nonlinear equation and ode45 ordinary differential
equation solvers. k=16 and b=0.125 are used for the control
protocol defined in Eq.(25).

Table 1 compares the cornering times, while Figs. 3, 4, and
5 compare the corner paths, path velocities, and axis accelera-
tions of the full stop, Bezier curve, and optimal control
methods applied to the three corners investigated in this paper.
As can be seen from the figures, all three approaches satisfy the
specified tolerance and kinematic constraints. Both the optimal
control and Bezier curve-based methods perform significantly
better than does the full stop, especially as the included angle
of the corner increases. Table 1 indicates that, for the acute
angle, the cornering times for the Bezier curve and optimal
control methods are 4 and 12 % shorter, respectively, com-
pared to the full stop case, while for the right angle, their
cornering times are shorter by 29 and 33%, respectively. From
Figs. 3 and 4, one observes that the speed of the Bezier curve
method is impeded by its relatively tight curvature, especially
for the acute and right-angled corners. The optimal control
approach is able to achieve relatively higher speeds by smartly
modifying its shape (curvature) autonomously. Notice that the

path the optimal curve travels is not symmetrical about the
bisector of the acute-angled corner. This is because the acute-
angled corner is not symmetrically positioned with respect to
the x or y axis. Consequently, the optimal control method ad-
justs its shape to best utilize the directions of maximum accel-
eration. It is interesting to note that the path of the proposed
method is similar to the time-optimal path followed by race car
pilots when negotiating right-angled corners [2]. Even though
the path is longer, its curvatures are wider, allowing for higher
speeds.

For the obtuse angle, the optimal control method performs
slightly (1 %) poorer than does the Bezier curve with regard to
cornering time. This slight loss of performance is caused by
the approximations made in the control law of Eq.(25) to
accommodate singular intervals and reduce abrupt transitions.
As explained in Sect. 3.2.2, wider angles are more likely to
have singular intervals and thus be adversely influenced by the
approximation. This fact is demonstrated in Fig. 6 which plots
the cornering times of the three methods as functions of the
included angle of the corner; it also plots the boundary beyond
which no feasible solution can be found. The boundary is
calculated using the GPOPS-II solver described earlier in this
section. One can see that the effect of the approximations
made in Sect. 3.2.2 is very small at smaller included angles
but gradually increases as the included angle widens. Notice
that the Bezier curve and optimal control methods almost

Table 2 Minimum and maximum values of li for three corners

Corner Minimum and maximum values of li [mm]

l1,min l1,max l2,min l2,max

Acute angle (45o) 0.0956 0.1427 0.0787 0.1321

Right angle 0.0962 0.1826 0.0962 0.1826

Obtuse angle (140o) 0.0851 0.1459 0.0851 0.1615Fig. 6 Cycle time comparison for various corners as a function of the
included angle

Fig. 5 Axes acceleration profiles of full stop, Bezier curve, and proposed optimal control methods for three corner angles
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converge to the boundary of the feasible region at very large
angles. This is because the curvatures are so low that the
corner is almost entirely traversed at the maximum speed,
Vmax, thus leaving very little room for optimization.

From a practical standpoint, it must be pointed out that a
typical manufacturing process may have to traverse hundreds
of thousands of sharp corners to produce one part. Therefore,
even though the time savings of the Bezier and optimal control
methods are in the order of a few milliseconds per corner, they
can quickly add up to significant savings in throughput. Note
also that the computation time of the TPBVPs for the acute,
right, and obtuse angles are 1.4, 0.5, and 0.87 s, respectively,
on a PC equipped with an Intel® Core™ i5-2400 processor at
3.10 GHz and 8 GB RAM. The implication is that the pro-
posed method is much more practical for offline optimization
of cornering time than is the dynamic programming approach
investigated by the authors in [15], which required several
minutes to converge to solutions of poorer resolution than
the ones obtained using the proposed approach.

To validate the simplifying assumptions in estimating li,min
and li,max in the Appendix, Table 2 shows the li,min and li,max
values for the three corners. As can be seen, the selected value
of l1=l2=0.1 mm falls within the minimum and maximum li
values for all three corners. Figure 7 shows the corner profiles

for the three corners, generated by using the li,min and li,max
values reported in Table 2. As seen, the proposed estimation of
li,max is conservative, ensuring that the assumption made in
Sect. 2.2 is not violated as long as li≤ li,max. Furthermore,
V0=V1

* and V2=V2
* have been used for generating each cor-

ner trajectory, meaning that the estimation for li,min is
reasonable.

The enhanced NURBS-based parameterization process
proposed in this paper is validated using a NURBS curve with
n=30 andm=4 to fit the optimal free-form curves obtained for
the three corners. The weights ρV=0.0188 and ρA=1.45×10

−4

are calculated according to Eq.(47). Three fitting schemes are
compared:

1. Traditional NURBS fitting with uniform weights: NURBS
fitting based on position (according to Eq.(40)) with uni-
form weights.

2. Traditional NURBS fitting with optimized weights:
NURBS fitting based on position (according to
Eq. (40)) with nonuniform weights determined by opti-
mization (i.e., using a brute-force realization of the prob-
lem setup in [22]).

3. Enhanced NURBS fitting: Proposed fitting scheme
(with uniform weights) which systematically

Table 3 Comparison of
maximum fitting errors of three
NURBS-based fitting methods

Max. pos. err. [nm] Max. vel. err. [μm/s] Max. acc. err. [mm/s2]

Acute Right Obtuse Acute Right Obtuse Acute Right Obtuse

Uniform weights 0.208 0.087 0.034 2.58 1.92 0.61 33.1 49.3 20.5

Optimized weights 0.193 0.087 0.034 8.94 1.92 0.61 50.5 49.3 20.5

Enhanced (proposed) 0.215 0.089 0.032 2.18 0.96 0.60 28.4 25.1 20.3

Fig. 7 Optimized Profile with
li,min and li,max
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incorporates position, velocity, and acceleration pro-
files as given by Eq.(46).

Table 3 reports the maximum position fitting errors
for the three corners using the three fitting algorithms
under investigation. The maximum position fitting errors
of all three methods are within 5 % of each other and
are negligible (in the sub-nanometer range). However, in
terms of maximum velocity and acceleration fitting er-
rors, the enhanced NURBS method outperforms the oth-
er two by up to 50 %.

6 Conclusion

This paper has presented a different approach for mini-
mizing the time needed to execute sharp corners, subject
to tolerance constraints and kinematic limits. Instead of
pre-specifying a corner smoothing curve and optimizing
the feed profile along the curve, an optimal control
method is used to generate the best free-form curve that
minimizes corner traversal time while adhering to path
tolerance and kinematic constraints. An enhanced
NURBS-fitting technique which systematically incorpo-
rates position, velocity, and acceleration profiles is pro-
posed for accurately parameterizing the free-form curve

resulting from the optimization to allow its execution in
a CNC. Illustrative examples are used to demonstrate
the ability of the proposed optimal control method to
improve cornering times compared to unsmoothed cor-
ners and to a recently proposed technique that uses a
pre-specified B-spline for high-speed cornering. The
computational burden of the proposed method is also
shown to be practical for offline optimization of
cornering times in robotics or manufacturing applica-
tions. The enhanced NURBS-fitting technique is shown
to be very elegant and significantly more accurate than
are standard and optimized NURBS-fitting schemes in
parameterizing time-based free-form curves like the one
resulting from the proposed optimal control method. A
nontrivial extension of this work could be the global
smoothing and optimization of multiple short line seg-
ments subject to path error constraints, which is current-
ly performed using pre-specified curves.
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Appendix: estimation of li,max and li,min

The lengths li of the corner region have to satisfy the condition
li,min≤li≤li,max to ensure that

1. The simplifying assumption that the point defined in
Eq.(12) is the critical point for corner tolerance violation
holds.

2. The boundary condition V0=V1
* and V2=V2

* assumed in
Sect. 3.2.3 is valid.

An estimation of li,min and li,max is presented below.

Estimation of li,max

Let us assume, as shown in Fig. 8, that the corner path passing
through the critical point pc defined in Eq.(12) is on the verge of
violating the tolerance constraint, ε, at a point pe different from
pc. Let Vc represent the speed at pc and let angle α=|θ1−θ2|/2.
Considering the l1 leg of the corner, let t1 and n1 respectively

Fig. 10 Estimation of li,min
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Fig. 8 Estimation of li,max
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represent unit vectors in the tangential and normal directions of
the line from p1 to p0. Accordingly, the acceleration limits, At1
and An1, in the tangential and normal directions are given by

At1 ¼ min
Ax

cosθ1j j;
Ay

sinθ1j j
� �

;

An1 ¼ min
Ax

sinθ1j j;
Ay

cosθ1j j
� �

ð48Þ

As shown in Fig. 9, in the normal direction, the corner trajectory
must first decelerate from speed Vc cos α at pc to 0 at pe,
covering distance (1+sin α) ε and then travel distance ε from
rest at pe to rest at p0. Due to the relatively short distances
traveled in the normal direction, it is assumed that the
minimum-time motion in the normal direction is “bang-bang”
(i.e., it accelerates and decelerates using An1, without hitting the
velocity limit in the normal direction). Therefore, Vc and ta1, the
travel time between pc and pe, can be determined as

1þ sinαð Þε ¼ Vccosαð Þ2
2An1

¼ 1

2
An1ta1

2

⇒
Vc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2An1 1þ sinαð Þε

p .
cosα

ta1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1þ sinαð Þε

.
An1

r
8><
>:

ð49Þ

Similarly, the travel time, tb1, from pe to p0 can be
calculated as

An1
tb1
2

� �2

¼ ε⇒tb1 ¼ 2

ffiffiffiffiffiffiffi
ε
An1

r
ð50Þ

Figure 9 also shows the tangential velocity profile from pc to
p0. It is assumed to utilize the maximum tangential accelera-
tion, At1, starting from velocity Vc sinα at pc. If it travels the
entire distance from pc to p0 without hitting the velocity limit,
the tangential velocity Ve1 is given by

Ve1 ¼ Vcsinαþ At1 ta1 þ tb1ð Þ ð51Þ

However, due to the longer distance traveled in the tangential
direction, the motion could encounter the tangential velocity
limit, which is approximated as V1

*, based on the assumption
that the corner path is mostly aligned with the t1 direction.
Accordingly, the distance l1,max is derived as

l1;max ¼
l1;0 Ve1≤V*

1

l1;0−
V*

1−Ve1

� �2
2At1

Ve1 > V*
1

8<
:

l1;0 ¼Δ εcosαþ ta1 þ tb1ð Þ Ve1 þ Vcsinαð Þ
.
2

ð52Þ

A similar procedure can be used to calculate l2,max.

Estimation of li,min

To determine li,min, let us assume, as shown in Fig. 10,
that the optimized corner path consists, in part, of a
circular arc from the point pc to a point pm. If l1 is
very short, the circular arc is forced to be tangent to
the line joining p0 and p1. Consequently, the radius Rm

of the circular arc is expressed as

Rm ¼ sinα
1−sinα

ε ð53Þ

If Rm is assumed to be equal to the smallest radius of
curvature along the optimized path, the maximum al-
lowable constant speed Vm along the arc is given by

Vm ¼ min V*;
ffiffiffiffiffiffiffiffiffiffiffi
AcRm

p� �
;

V*≜min Vx;Vy;Vmax


 �
; Ac≜min Ax;Ay


 �
ð54Þ

Furthermore, if we assume that the path between p0 and
pm is traveled with uniform acceleration/deceleration At1

along t1, the shortest distance lm1 in Fig. 10 that will
permit the motion from velocity V1

* at p0 to Vm at pm
without violating the acceleration limits is given by

lm1 ¼ V*2
1 −V 2

m

2At1
ð55Þ

where At1 is defined in Eq.(48). Therefore, l1,min can be
calculated as
l1;min ¼ lm1 þ Rmcotα ð56Þ
The same procedure can be followed to calculate l2,min.
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