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ABSTRACT 

When traversing sharp corners, manufacturing machines 
are forced to tradeoff speed and accuracy. The most common 
way of reducing this tradeoff is to smooth the sharp corner 
using a pre-specified curve (e.g., a circular arc or spline). 
However, pre-specified curves cannot guarantee optimal 
performance. This paper presents a preliminary investigation 
into the potential of using methods from optimal control to 
minimize this tradeoff. First, a useful simplification is made to 
the exact cornering problem to make it tractable. Dynamic 
programming is then used to determine the best free-form curve 
that minimizes corner traversal time while adhering to path 
tolerance and machine kinematic constraints. Significant 
improvements in cornering time are demonstrated compared to 
two methods that use pre-specified curves. However, dynamic 
programming is found to be too computationally costly, thus 
impractical. Less computationally intensive techniques in 
optimal control are considered for future work. 

1. INTRODUCTION 

High throughput and accuracy are conflicting requirements 
that must be met by advanced manufacturing machines like 
laser cutters, 3D printers and CNC machine tools. This tradeoff 
is very frequently encountered when executing sharp corners 
where, to achieve tight tolerances, machine axes have to slow 
down considerably thus sacrificing cycle time. The most 
common way of reducing this trade-off is to smooth the corner 
using a pre-specified curve that allows high-speed cornering 
subject to path tolerance and machine kinematic limits. The 
simplest smoothing curve, commonly used in industry, is the 
circular arc. However, a lot of research has been done on other 
smoothing techniques, e.g., double clothoid curves [1], quintic 
splines [2], P-H curves [3] and Bezier curves [4]. Such pre-
specified curves are however not guaranteed to minimize the 
tradeoff between speed and accuracy, thus they may limit the 
performance of advanced manufacturing machines. This paper 

explores a different approach, based on optimal control 
methods, where the smoothing curve does not have to be pre-
specified. Section 2 presents the exact formulation of the 
minimum-time cornering problem, and in Section 3, a 
simplification is made to the exact formulation of the problem 
to make it tractable using optimal control methods. A dynamic 
programming (DP) algorithm for solving the simplified 
problem is briefly described in Section 4 and, in Section 5, the 
results from DP are compared to those obtained using two pre-
specified curves – a circular arc and a Bezier curve [4] – 
followed by discussions, conclusions and future work.  

2. EXACT FORMULATION OF MINIMUM-TIME 
CORNERING PROBLEM 

Consider the planar cornering scenario shown in Fig. 1, 
arising from the intersection of two line segments generated by 
perpendicular axes (x and y) of a manufacturing machine. p1 = 
{0,0}T is the resulting sharp corner, while angles θ1 and θ2 
respectively define the orientations of the incoming and 
outgoing line segments. Based on the unit vectors t1 = {cosθ1, 
sinθ1}

T and t2 = {cosθ2, sinθ2}
T along each line, two boundary 

points p0 = p1 + l1t1 and p2 = p1 + l2t2 are specified to mark the 
start and the end of the corner region surrounding p1. The exact 
corner path can therefore be defined, per Ernesto and Farouki 
[4], by the point set 
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For a manufacturing machine to perfectly negotiate the 

sharp corner defined in Eq.(1), it would have to come to a 
complete stop at p1 before continuing on to p2, thus severely 
sacrificing cornering speed. However, having a perfectly sharp 
corner is not often required in manufacturing processes. It is 
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