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ARTICLE INFO ABSTRACT
Keywords: Material extrusion additive manufacturing is increasingly adopted in the automotive, aerospace, and medical
Additive manufacturing industries for its capability to create complex features at low cost. Despite high flexibility, parts fabricated with

Profile modeling

: the material extrusion method continue to suffer from geometric inaccuracies and dimensional instability,
Optimal transport

particularly when manufacturing structures that require high geometric fidelity, such as those with intricate
internal channels. To enhance the precision and stability of the material extrusion process, geometry modeling
methods based on manufacturing parameters have been introduced. Researchers have employed physical models
and neural networks to predict the geometry of printed parts. However, physical modeling is often characterized
by high complexity and significant computational demands, while neural networks require a substantial amount
of measurement data, resulting in a high cost in experiments. The high computation load and measurement data
demand of existing geometry prediction methods prevent their widespread adoption in industrial settings, as
they lead to prohibitively long simulation times and the inability to support real-time process optimization. To
close the research gap, we propose an optimal-transport-based geometry modeling (OTB-GM) method for the
material extrusion system. The proposed OTB-GM models the ironing effects of the moving nozzle for generating
the final extruded profile, by minimizing the energy consumption of the transportation process. The OTB-GM
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begins by initializing the profile prior to ironing, resembling the shape of a Gaussian distribution. In constructing
the model, we take into account the material's viscous resistance, changes in gravitational potential energy, and
modifications to the surface geometry during ironing. We derive the formula of OTB-GM in two dimensions (2D)
and three dimensions (3D) for modeling steady (like line) and dynamic (like corner) extrusion conditions,
respectively. To validate the modeling accuracy of the proposed OTB-GM method, the straight line and corner
parts are printed for 2D and 3D verification, respectively. Compared with the conventional ellipse geometry
modeling method, the proposed OTB-GM reaches higher accuracy in both 2D and 3D validation cases.

1. Introduction

Additive manufacturing holds an essential position in modern in-
dustry, with the capability of rapid prototyping and producing complex
internal structures [1,2]. With the distinct advantage of additive
manufacturing, industries increasingly adopt it for fabricating func-
tional parts, while the need for reliability and repeatability during the
manufacturing process becomes crucial. However, the current additive
manufacturing system still suffers from low product stability and con-
sistency [3,4], impacting both its mechanical properties and dimen-
sional precision in the final product. Thus, the bead geometry modeling
and prediction method with given fabrication parameters (like nozzle
moving speed and extrusion speed) is introduced for enhancement.
Kechagias et al. [5,6] investigated the impact of process parameters (like
layer thickness, infill rate, material flow rate, printing temperature, and
extrusion velocity) on the surface roughness and the bonding quality of
printed parts. Kumar et al. [7] reported the surface roughness and tensile
strength for acrylonitrile butadiene styrene (ABS) under cold weather
conditions, with respect to layer thickness, extrusion temperature, and
raster angle. By modeling the geometry generation process of the
printing material, the manufacturers can predict and mitigate potential
issues such as extrusion inaccuracy, warping, and layer adhesion fail-
ures, thereby reducing material waste caused by printing failure and
enhancing the sustainability of the manufacturing process [7].
Furthermore, effective geometry modeling brings the potential for the
real-time optimization of printing parameters, which can significantly
reduce material waste and production time.

For the convenience of expressing bead geometry during modeling,
various methods for parameterizing bead geometry have been intro-
duced. Comminal et al. [8] adopted oblong and cuboid shapes for fitting
the cross-section of the extruded filament. Wang et al. [9] applied the
ellipsoid shape assumption to the extrusion material for surface rough-
ness investigation of the printed part. As the parameterization methods
were introduced, researchers were able to propose various kinds of bead
geometry modeling methods. Serdeczny et al. [10] introduced the
relationship between extrusion geometry and nozzle diameter, layer
height, and printing speed by Computational fluid dynamics (CFD)
simulation. Huang et al. [11] used convolution formulation to facilitate
the prediction of three-dimensional (3D) printing accuracy. Haghbin
et al. [12] investigated the effect of geometric models on the width and
height of the extruded roads. Tashi et al. [13] elucidated the charac-
teristics of the parameters used in the recursive process as well as its
ability in geometric modeling and 3D printing of 3D shapes. Sutjipto
et al. [14] used online image analysis techniques to generate the
thickness and intersection deviation data. Nuchitprasitchai et al. [15]
provided a bead geometry reconstruction and deviation modeling
method by overlapping two-dimensional (2D) intensity measurements
with relaxed camera positioning requirements. Friedrich and Begley
[16] investigated how the extrusion pressure and the stand-off distance
influence the filament shape and its stability. Ferraris et al. [17]
captured the temperature profiles of printed material to predict the bead
geometry after bonding. Borish et al. [18,19] built a bead-filling inac-
curacy estimation method by processing the data from the thermal
camera and profilometer. By applying the Kalman filter and Canny filter
to the inertial measurement unit (IMU) and accelerometer, Gao et al.
[20] estimated the height of the bead geometry by the printer motion
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data. However, most of the existing modeling methods are with high
complexity and have large computational consumption.

Neural network (NN) method has also been widely used in geometry
modeling methods. Li et al. [21] predicted the intrinsic geometry of 3-
dimensional printed parts by sending in situ metrology data to the
conditional adversarial network (CAN). Sharma et al. [22] presented the
dimensional deviations in parts produced by the MEX technique and
demonstrated the effectiveness of a supervised learning model in pre-
dicting deviations based on processing parameters. Charalampous et al.
[23] provided a machine learning-based regression model that corre-
lates layer height, printing speed, and printing temperature with the
dimensional deviations of specimens produced via MEX technology.
Ntousia et al. [24] presented a framework for predicting errors and
failures in additive manufacturing by introducing a three-hidden-layer
neural network for estimating dimensional deviation and the probabil-
ity of successful fabrication. Wang et al. [25,26] designed an inspection
system with a rotating camera for surface image capturing, and built a
corresponding convolutional neural network (CNN)-based image pro-
cessing model for surface defects classification. Becker et al. [27]
employed long short-term memory neural networks (LSTM) to generate
printed bead height from collected acoustic signals recorded near the
extruder. Li et al. [28] gave a surface roughness prediction model based
on the ensemble learning algorithm (including random forest, adaptive
boosting, classification and regression trees, support vector regression,
ridge regression, and random vector functional link network), by using
the data from thermocouples, infrared temperature sensors, and accel-
erometers as the input. Schlegel et al. [29] trained a predictive model by
self-learning algorithm for the product geometry deviation forecast. Zhu
et al. [30] trained a CNN-based learning method for geometry deviation
prediction, taking the computed tomography (CT) data as the input.
However, training NN models necessitates a substantial amount of data
obtained from advanced measurement techniques, such as CT, which
incurs significant expenses and time commitments for experiments.

To close the research gap, we build an optimal-transport-based ge-
ometry modeling (OTB-GM) method for material extrusion (MEX) 3D
printing in this paper. The proposed OTB-GM method generates the
geometry profile of extruded materials based on analyzing the ironing
effect of the nozzle during fabrication. As the ironing effect is involved
with the change of material position, optimal transport is introduced for
problem-solving by minimizing the energy consumption of the trans-
portation process. The proposed OTB-GM considers the viscous drag, the
gravitational potential energy change, and the surface shape modifica-
tion during the material transportation process. In particular, the pro-
posed methodology provides the following main contributions:

e The OTB-GM method is derived in 2D and 3D fields. The derivation
of OTB-GM starts from assuming the profile before transportation
resembles a Gaussian distribution, and following the minimal
energy-consuming assumption, the final profile after transportation
is calculated.

The performance of the proposed OTB-GM method is estimated in 2D
and 3D by printing the straight line part and the corner part,
respectively. The geometry prediction result of OTB-GM is compared
with that of the standard ellipse method.

The remainder of the paper is structured as follows: Section 2
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Fig. 1. Illustration of the profile before and after the transport.

introduces the background of the optimal transport. The formulation
method of the optimal transport is described in this section. Section 3
derives the OTB-GM method in 2D and 3D, for processing the steady and
dynamic printing processes, respectively. This section starts by discus-
sing the Gaussian distribution-based geometry parameterization method
for the printed material before being ironed by the nozzle. With the
profile before ironing established, the methodology for modeling the
nozzle ironing effect is proposed, resulting in the generation of the
profile after ironing. As the modeling method is fully built, the OTB-GM
method is constructed. Section 4 validates the capability of the proposed
method in both 2D and 3D fields, by printing line parts and corner parts,
respectively. The geometry estimation accuracy of the proposed OTB-
GM method is evaluated and compared with that of the conventional
ellipse modeling method. Section 5 is the conclusion.

2. The background of optimal transport

Optimal transport (OT) is a mathematical theory that focuses on the
most efficient way to transport mass from one distribution to another
[31]. This concept was first formulated by Gaspard Monge in the 18th
century, aiming to minimize the cost of transporting soil from one
location to another. The fundamental problem of OT is framed as finding
a transport map to transform the mass from one place to another in the
most cost-effective way. Define the profile before and after the transport
as fo(u) and fi(v), respectively, as Fig. 1 shows. During the trans-
portation process, the mass transported from position u to position v is
defined as

Amy, = 7(u,v). 1)
Thus, the final mass f; (v) satisfies the following distribution
£i9) =)+ [ etuvdu @
Following the mass conservation, the transport map satisfies
/Vr(u, v)dv = fo(u). 3

To enable efficient transportation, the total transportation energy E;
is incrementally calculated by integrating the distance-related energy,
multiplied by the mass being transported, i.e.,

E, ://Uye(u,v)r(u, v)dudy.

where e(u, v) is the distance-related energy for transporting unit weight
from u to v. In classical OT formulations, the positive definite distance
from u to v is typically exploited in practical formulations. Assuming in
the transport map, the capacity of the position v is limited. Define the
maximum allowance weight in the v of the final profile as M,,(v). Thus,
the OT problem is finalized to the following minimization equation,

(€3]

argmin{E,},

s.t. r_(u, v) v = fo(u), (5)
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Fig. 2. Illustration of the extrusion and the transportation process in
2D modeling.

The illustration of the profile before and after the transportation is
shown in Fig. 1. Linear or quadratic programming is typically used to
solve the optimal transportation problem, depending on the specific
form of the cost function.

3. Optimal-transport-based geometry modeling for the MEX
process

In the MEX process, the deposited material is first deposited on the
base layer and then ironed by the moving nozzle. This deposition and
ironing process shapes the final bead geometry, creates a relatively flat
surface for the deposited top layer, and is critical for the deposited ge-
ometry. This deposition and ironing process resembles the classical
transport problem as the initial deposition is typically assumed to follow
a Gaussian distribution [32-34], while the profile is ironed by the
moving nozzle while the extruded material is transported. This transport
process could be formulated and described under the optimal transport
framework. The proposed OTB-GM method takes into account the
changes in gravitational potential energy, the viscous resistance of the
flowing material, and variations in surface energy during transportation.
This method models both the cross-section profile and the three-
dimensional profile of the extruded material using 2D and 3D optimal
transport, respectively. The cross-section profile modeling method is
applied to straight-line printing parts with a constant extrusion rate,
while the three-dimensional modeling method is utilized for fabrication
processes involving dynamic nozzle movement and varying extrusion
trajectories (like corners). Considering that for commonly used ther-
moplastic printing materials in the MEX method, their thermal expan-
sion is typically lower than 100 x 10~%/K, a temperature drop of 200 °C
results in only a 0.02 % dimensional shrinkage. While in commercial
MEX printers, the typical dimensional accuracy error can reach 0.5 %.
Therefore, the thermal expansion in the proposed OTB-GM method is
omitted.

3.1. Material extrusion cross-section profile modeling with 2D optimal
transport

Considering the material extrusion situation in Fig. 2, the nozzle,
with the radius ry, is printing along a straight-line trajectory, which is
parallel to the y axis. The printing trajectory is defined as [x(t),y(t)]".
The distance between the nozzle and the printing plane is defined as h;.
The printing processing is with constant nozzle speed v, and extrusion
speed v,. Assuming that during a specific time interval [ty, t; ], the volume
of extruded material is V,,. As the nozzle is moving at a constant speed
along the y axis and the extrusion speed remains unchanged, the profile
of extruded material in the xz plane should be equivalent to each other.
For the simplification of derivation, the extrusion profile is sliced along
the cutting plane, which is parallel to the xz plane and perpendicular to
the y axis (as illustrated in Fig. 3(a)). Assume the geometry condition of
the cutting plane is collected at the sample time t,, and the t, satisfies
to<t.<t;. At the time t,, the volume of extruded material is Vi, /(ti — to),
and the shape of the extruded material is assumed to resemble a
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Fig. 3. (a) The transportation illustration in 2D modeling, and (b) the transport map illustration.

Gaussian distribution [32-34]. Define a and b as the coefficient in the
Gaussian distribution. The height profile f;(x) of extruded material at t,
is expressed as

b dbex)
— e 2
\V2r
For calculating the factors a and b, assuming in the height h;, the half-
width of the profile along the x direction is equal to r,,. Thus, the fac-
tor for the initial profile is calculated by solving the following equation,

fo(ra) = hy,
sit. /m folX)dx = vm/(t1 —to).

fo(x) = (6)

)

With Eq. (7) solved, the profile fo(x) is fully defined. For the profile fo(x),
typically, its height within the nozzle region y,, which is defined as

I = 1 |pe = x(tc) [<ra}, ®

is larger than the nozzle height h;. From time ¢, to time ¢, 4 5t, where 6t is
the infinitesimal increment of time, the nozzle moves from position
[x(t.),¥(t:)]" to position [x(t. + &t),y(t. + 6t)]", and irons the profile
fo(x) in the nozzle region. Define the profile after the ironing as fi (x).
The proposed OTB-GM method assumes that the ironing effect of the
nozzle forces the height in the nozzle region of the profile f; (x) to satisfy

fi(x)<hy, for Vx € y,. (©)]

Additionally, since the OTB-GM method simulates the ironing effect of
the nozzle, it assumes the presence of a printing base to support the
ironing process.

Following the mass conservation, the ironed material within the
nozzle region must be relocated. Thus the optimal transport is intro-
duced for solving this relocation processing, resulting in the generation
of f1(x). The generation of the profile f;(x) from the profile fy(x) is to
find the optimal transport map 7(u,v), representing the height trans-
ported from u to v. The relationship between the profile before and after
the transportation for the position vy is expressed as

00

fitvo) =falv) + [

—o0

7(u, vo)du. 10)

The calculation of the transport map 7(u,v) should consider the so-
lidification process of the MEX. In the MEX, as the fluidity of the printed
thermoplastic material is related to its temperature and the material
cooling process after leaving the nozzle, the destination range of trans-
portation should be limited. Thus, the OTB-GM method assumes that the
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reachable region of the extruded material is constrained, and the
reachable region of the extruded material is defined as y,, with the half-
width ry, i.e.

Xa = {3 |Ix — x(t) |<ra}- an
The half-width r, is affected by the layer height h;, nozzle speed v,
extrusion speed v, and temperature of printing T,.

As mentioned in the background of the optimal transport, the
transport map is generated following the minimum energy consumption
principle. In the MEX process, as the material is heated to the semi-
molten state by the nozzle [35], the viscous drag during the material
flow should be considered. During the ironing process, the height of the
relocated material is changed, thus the gravitational potential energy of
the profile is added to the model. Additionally, the surface shape of the
extruded material after the relocation is modified; thus the surface en-
ergy change is taken into account while modeling. Define the viscosity-
related energy as AE,, the gravitational-related energy change as AEp,
and the surface-related energy change as AE;. The overall transportation
energy AE is expressed as

AE = AE, + AEj, + AE;. (12)
For the profile f(x), define its material density as p,, and the gravita-
tional constant as g; its gravitational potential energy Ej, is calculated as
B = [ a0 (13)
For the transformation process from fy(x) to fi(x), the gravitational
potential energy change AEj, is expressed as

AE, :uhpmg( | e [ )2dx)‘

14

The factor y;, in Eq. (14) represents the weight of gravitational potential
energy in the OT calculation. The viscosity-related energy is written
with respect to the distance between the initial position u and the final
position v of the transported material [36-38], i.e.,

+oo
AE, = yvufpm// (u —v)?z(u, v)dudy, 15)

where i, is the factor representing the weight of viscosity-related energy
in the profile generation process and y; is the material friction coeffi-
cient. The surface energy E; for the profile f(x) is calculated by its sur-
face area S; and the surface energy coefficient y, [39,401, as
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E; = yssl' (16)

For the calculation of surface-related energy change AE;, define the
height change in the neighborhood for the profile f(x) as f (x), i.e.,

F(x) = If (o + 6x) = f(x)|. a7

The surface-related energy change AE; is thus calculated by combining
Egs. (16) and (17), as

where 4 is the weight factor of surface-related energy in the OT calcu-
lation. The illustration of the energy change during the transportation
process is shown in Fig. 3(a). As the energy changes while the trans-
portation process is derived, the proposed method for calculating the
transportation map z(u,v) is finalized as the following optimization
problem,

7(u,v) = argmin{AE},
s.t. fi(x)<hy, for Vx ey,

/fo yax= [ fiac

As the integral equation in this section is involved with infinite upper
and lower limits, the practical operation of calculation is as follows. For
the profile f(x) involved with the integral, the upper and lower limit for
actual calculation is defined as x; and x,, respectively. Define a small
height 6h, and the x; and x, is calculated as

f(x;) = 6h (when x; < x(t;) ),
f(xy) = 6h (when x; > x(t.)).

19

(20)

By solving Eq. (19), the optimal transport map is generated. Based on the
transport map, the profile after ironing f; (x) for the printing process is

Nozzle .
The initial geometry of \
v : 2 4

newly deposited material
(k)
fa’ xy)

Printing
trajectory

Printing plane

Previously deposited

profilef ; (xy)

Nozzle ir 0111112
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calculated following Eq. (10). The profile before and after the trans-
portation and the corresponding transport map are illustrated in Fig. 3
(b).

The calculation of Eq. (19) follows the step-by-step distribution
strategy, as Fig. 4 shows. Define the profile after the i distribution as
fi(x), and the transport map from f;_; (x) to f;(x) is defined as 7;(u, v). This
step-by-step method generates the profile f;(x) with the initial condition
fi-1(x), helping to reduce the computation time for solving. Define the
maximum value of the decreased height in y,, at each step as Ahy, and the
maximum height at the f,(x) as ho. The distribution step d; is calculated
as

= [(ho —hy)/Ahg 1. 21)

From the first step to the d; — 1 step of distribution, the strategy aims to
generate fi(x) whose maximum height in y, is decreased by Ahg
compared to the previous one f;_1 (x). For the final step d;, the strategy
processes the remaining height from the final goal h;. Define the actual
height limitation for the i step of distribution within y, as AY. The A is
expressed as

B — { ho — ihy (when i<d; — 1) (22)

h; (when i=d;)
Define the change of energy for each step of the distribution as AE;. The
optimization algorithm for each step of distribution is as follows,

7;(u,v) = argmin{AE;},
s.t. fi(x)<hl), for Vx € y,,

fra(x)dx = [ fi(x)dx

(23)

3.2. Material extrusion three-dimensional profile modeling with
sequential 3D optimal transport

Considering the printing situation in 3D (as shown in Fig. 5), the
nozzle is moving along the corner trajectory [x(t),y(t)]" and the
extrusion trajectory is e(t). The nozzle radius of the printer is r, and the
distance between the nozzle and the printing plane is h;. At a specific
,t+1 ], whose middle point is % = (tes1 — t)/2, the
nozzle extrudes the material with the volume V;,. Assume the geometry

time interval [t®

of deposited material f{” (x,y) at the time interval [t®) ,t*+1)] follows
the Gaussian distribution [32-34] after initial extrusion, with the factor

a and b. The profile f§k> (x,y) is expressed as

Printing
trajectory

Profile after the ironing
X

AR

Fig. 5. Illustration of the printing configuration and the profile before and after the transportation in 3D.
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f (x y) = bexp( 24)

The factors a and b is determined by the profile height at the edge of
nozzle and the deposited volume V,,, i.e.

£ (rm rn) =h,

s.t.// ff,” (rn,r,,> = V.
xy

Assuming that from the start of the printing process to the time t*),
y). The initial height profile
.t ] is the combination of the previously

(25)

the previously deposited profile is ffkf (x,
¥ (x,y) of the interval [t [t

deposited section f*(x,y) and the newly deposited section fg‘) (x,y) as
Fig. 5 shown, i.e.,

FP0,y) =4 0ey) +£° (x.y).

Similar to the 2D situation, the profile f(k) (x,y) is ironed by the
moving nozzle, and the printing base existence assumption with respect
to the ironing process simulation is also incorporated in the 3D deriva-

(26)

tion. The optimal transport is employed for solving the profile fl(k) (x,Y),
as the result of the nozzle ironing. The transport map from the profile
f((,k) (x,y) to the profile fl(k) (x,y) is defined as 7(up, vo, U3, 1), representing
the height transport from [uo,vo]T to [ul,vl]T. Thus, the relationship
between the two profiles at the point [u;,,]" is expressed as

Journal of Manufacturing Processes 154 (2025) 236-248

PWM signal for
stepping motor

Fig. 6. Experimental Flashforge Creator 3 MEX printer.

fir (x7) = fe.y) — fe+ax.y)),

. 31
fo (x,y) = lflx.y) = flxy +dy)l.
Thus, the surface area S; for the profile f(x,y) is expressed as
A\ 2 A\ 2
S = \/(foo ) + (fm ) +1 (32)

By combining the Egs. (16) and (32), the energy change caused by the
surface AE; [39,40] is written as

AE, = pyyn (//:%(f%{)z + (O, )2 +1- \/(ﬂwom’ )2 + (f9o4) )2 +1 )dxdy,

fl(k) (ur,v1) :fé'q(uhvl) +// 7(Uo, Vo, Uz, V1 )dUodvy. 27)

The determination of the transport map 7(uo, Vo, u1,V1) follows the
transportation energy minimization principle. The energy change dur-
ing the transportation process is similar to the 2D condition. The
equation of energy change is the same as Eq. (12) and the schematic of
the transportation process is shown in Fig. 5. For the profile f(x,y), its
gravitational potential energy Ej, is calculated as

B, = // P (x,y)dxdy. @8)

Thus, the gravitational potential energy change AE, from the profile
f(()k) (x,y) to f{k) (x,y) is calculated as

AE, = ﬂhpmg( // £9 xy dxdy //

The energy change associated with viscosity AE, during the trans-
portation process is represented in relation to the distance between the

dxdy ) (29)

starting position [uo, V] and the final position [u;,1;]" of the moved

material [36-38], i.e.

AE, = ﬂvﬂfpm./]]]‘ir:H[uo‘rvO]T - [uth]T | ‘T(u07V07 ulvvl)duldvlduodvo

(30)

For the surface-related energy part, define the height change in the
neighborhood for the profile f(x, y) along the x and y axis as f(x) '(x,y) and
fo

'(x,y), respectively, i.e.,
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(33

The solution of the transport map z(us, V1, Uo, Vo) should consider the
cooling process of the material and the nozzle position constraint,
similar to the situation in the 2D condition. Define the nozzle region y,
as

(34)

{Gey) [fx = x (e

Due to the nozzle position constraint, the OTB-GM method assumes that

In= D).y () [,

the profile fl(k) (x,y) in the nozzle region must be lower than the nozzle
height, i.e.,

{’Q <x7 y) <h;, for V(x, y) € Yn- (35)
Considering the forming process is involved with material cooling (as
the temperature of the printed material decreases after it leaves the
nozzle), the OTB-GM method assumes a constrained reachable region of
the printed material. Define the material reachable region as y,. The
radius of y, is ry, and the y, is thus defined as,

= {(xy) [ = x (e ) |p<ra}-

The radius r, is related to the layer height h;, nozzle speed v,, extrusion
speed v, and temperature of printing T,.

In summary, the proposed method for transport map calculation in
3D is as the following equation,

1),y —y(tk (36)
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Table 1
Printing parameters of the Flashforge Creator 3.

300 x 250 x 200 mm®
Flashforge Creator 3

Printer maximum size
Printer name

Nozzle diameter 0.4 mm
Acceleration 500 mm/s>
Corner trajectory blending tolerance 0.05 mm
Printing material PLA
Thermal expansion coefficient 41 pm/(m-K)
Nozzle temperature 230°C

Print bed temperature 60 °C
Nozzle speed 30 mm/s

v [mm/s]

e

~— 04
4 >~_— 03

v, [mm/s] h[ [mm]
Fig. 7. The illustration of the calculated factor of the line printing experiment.

7(Uy,V1,Up, Vo) = argmin{AE},
s.t 0 (x,y><h1, for V(x,y) € Ans

// 79| xy | dxdy = // £ x.y | dedy.
—o0 Xa

The result of Eq. (37) provides the optimal transport map between
two profiles. Following Eq. (27), the profile after the nozzle ironing

fl(k) (x,y) is calculated. The illustration of the initial profile fék) (x,y), the
final profile f*'(x,y), and the corresponding transport map in the

37)
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representative positions is shown in Fig. 5(c). After solving the trans-
portation at the interval [t ,t*+1 ], its distribution result f{*'(x,y) is set

as the previously deposited material profile f”‘f”(

x,y) at the interval
[¢k1) ¢®+2 ] This transportation calculation process is sequentially
executed in the interval [t®) | ¢®+D ], [¢ktD) pkt2) ] [pkt2) (k+3)] L. until
the end of the printing process. By the sequential simulating strategy, the
distribution result in the final interval of printing trajectory is generated,
as the overall deposited profile.

4. Experiment verification of proposed OTB-GM method
4.1. Experimental platform and simulation parameters setup

The verification platform is Flashforge Creator 3 MEX printer, as
shown in Fig. 6. To accurately control the nozzle and extrusion trajec-
tory, the control laptop generates the pulse width modulation (PWM)
single from the input G-code and sends the PWM signal to the stepping
motors of the printer. The specifications of the printer are shown in
Table 1.

While simulating the extrusion profile, the factor y,, y1,, and y; are set
equally as 1, and the radius of the nozzle r;, is set as 0.2 mm. The mesh
size p for simulation is 0.1 mm. The radius of the material available
region r, is decided by experiment. Based on the experiment, the radius
rq increases with the decreasing of layer height h;, nozzle speed v, and
the increasing of extrusion speed v,. The factors of the Gaussian distri-
bution in Eq. (6) of the initial profile are shown in Fig. 7.

4.2. Experiment verification of the 2D OTB-GM method

The lines are printed to verify the proposed 2D OTB-GM method. The
designed verification line part includes the printed trajectory under
different extrusion speeds v, (as Fig. 8 (a) shows), and the trajectory is
printed under a series of layer heights h;. The printed line parts are cut
with a plane perpendicular to the printing trajectory, and the corre-
sponding simulation result is calculated by the 2D simulation method.
The extrusion profile according to the slice image of the actual printed
part is extracted. Define the point set of the image-extracted profile and
the simulated profile by the OTB-GM method as (x;,z) € P; and
(xs,25) € Ps, respectively. To align the two profiles, the image-extracted
profile P; is moved with distance Ad, and Ad, along the x and z axis,
respectively. The calculation of Ad, and Ad; is processed by minimizing
the distance between two profiles after moving, i.e.,

(Ady, Ad,) = argmin min |(x; + Ady, 2 + Ad;) — (X5, %) |, (38)
(xi.2;)€P; (xs2)EPs

With the moving distance calculated, the aligned image-extracted

profile (x;(@,%@) € P, is calculated. The slice image of the actual

printed line, the corresponding aligned image-extracted profile P;?, and
the corresponding simulated profile from the OTB-GM method P, are
shown in Fig. 9. The conventional ellipse geometry modeling profile P,

(a) (b)
[—. v =2mm/s v =3 mm/s v =4 mm/s v =5mm/s v =6 mm/s
- - - - - 90 deg 80deg 70 deg
| Y U |
’:-()() T ™ T T I T B —

g - A VA VA VA VAVAN
g | =0
:_‘ 5 | .-75 1 1 1 1 1 1 1 1

-20 0 10 20 30 40 50 60 70 80

x [mm]
-30 L L L L 1 L L
0 10 20 30 40 50 60 70 80 90 100
x [mm]

Fig. 8. (a) The trajectory illustration of line verification parts, and (b) the corner verification parts.
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Fig. 9. The comparison of the extruded geometry of the actual printed line part, the proposed OTB-GM method, and the ellipse modeling method [9].

is also illustrated in Fig. 9. The transport map for the OTB-GM simulated
profile of the line parts is shown in Fig. 10.

For the cross-section profile of the line part shown in Fig. 9, the left
and right halves of the profile exhibit symmetry. For the profile simu-
lated at the specified layer height h; = 0.4mm, there is a flat top region
near the nozzle center (i.e., in position x = 0). Outside the flat region,
the height of the profile decreases as the distance from the nozzle center
increases. The explanation for the simulated profile is as follows. Due to
viscous resistance during material flow, the material tends to stay in
place without moving; and based on the profile before transportation,
the material is inclined to concentrate in the region near the nozzle
center after the transportation process. Considering the concentration

243

effect of the material and the constraint of nozzle height h; jointly, the
profile height in the nozzle region y, is generated as . When moving
out of the nozzle region, although the maximum height constraint is no
longer applied, the flat region continues. That is mainly because the
gravitational potential energy and surface energy minimization strategy
overtake the viscous resistance energy consumption minimization in this
part of the profile. The surface energy is minimized while the profile
height remains constant with position x changing, and the gravitational
potential energy minimization prevents the profile from bulging
compared with the nozzle region y,. Moving beyond the flat region, the
gravity-related part of the proposed modeling method is dominant. For
some parts of the material in this region, the force to reduce the
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Fig. 10. The transport map of the line part by the proposed OTB-GM method.

gravitational potential energy outweighs the energy consumption of the
material flow. Thus this part of extruded material is transported to the
position that is further away from the nozzle center but with lower
height. The simulated profiles with height h; = 0.3 mm present a similar
feature, excluding the profile printed with extrusion speed v, =6 mm/s.
In that case, the simulated profile does not show a region of gradually
decreasing height, but have a rectangular shape. This phenomenon in-
dicates that while the extrusion speed remains constant, decreasing the
nozzle height cannot expand the material available region y, signifi-
cantly, and that causes the material to fulfill the y, region with constant
height at h; considering the mass conservation. The rectangular shape
under the low nozzle height-extrusion ratio (i.e., h; /v, ratio) appears for
most cases printed under h; = 0.2mm. While the nozzle height-
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extrusion ratio is increased (for the case printed atv, = 2 mm/sand h; =
0.2 mm), the gradually decreasing height region is observed.

For evaluation of the performance of the proposed OTB-GM
modeling methods, the area of over- and under-estimated region area
for each case (A, and A, respectively) is calculated, as shown in Fig. 9.

The overall estimation deviation area A, is calculated as

Ag=A,+A, (39)
The average estimation deviation area A4 of the line parts printed under
a series of experiment extrusion speeds, as determined by the OTB-GM
and the standard ellipse method respectively, is shown in Fig. 11(a).
Compared with the ellipse modeling method, the proposed OTB-GM
method reduces the estimation deviation area A, significantly. As
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Fig. 11. The comparison of the deviation area of the proposed OTB-GM
simulated results that of the ellipse method [9] of (a) 2D case, and (b) 3D case.

illustrated in Fig. 9, the ellipse simulation method significantly over-
estimates the left and right edges of the cross-section compared with the
OTB-GM method. For the cases with a high h;/v, ratio, the simulation

90 degree
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profile by the proposed OTB-GM method more accurately reflects the
height descending phenomenon from the nozzle center to the sides,
helping to improve the estimation accuracy.

4.3. Experiment verification of the 3D OTB-GM method

The corner parts are printed to verify the 3D derivation of the pro-
posed OTB-GM method. The corner trajectory includes a series of corner
shapes (as Fig. 8(b) shows), and it is printed under various extrusion
speeds V., while the layer height h; is fixed at 0.3 mm. The boundary of
the actual printed corner part in the xy plane is extracted as P;, and that
of OTB-GM method P; is generated by the contour of OTB-GM calculated
profile, with the level , = 0.02mm. The P; is moved and aligned with P,
following the strategy shown in Eq. (38). The image of printed corners,
the corresponding aligned actual extrusion profile P;(?, and the OTB-GM
method profile P are illustrated in Fig. 12. The conventional ellipse
geometry modeling profile P, is also illustrated in Fig. 12. The illustra-
tion of the transportation processing at the representative sampling time
for the 90-degree corner with the extrusion speed of 5.5 mm/s is shown
in Fig. 13.

To evaluate the capability of the proposed OTB-GM model in simu-
lating the extrusion inaccuracy in the corner region, we extract the
extrusion inaccuracy region following the method in [41]. In this region,
the under-estimated region A, and the over-estimated region A, are
extracted, as shown in Fig. 12. Following Eq. (39), the average estima-
tion deviation area Ay for a series of corners printed under different
extrusion speeds, as determined by both the OTB-GM method and
standard ellipse method, is illustrated in Fig. 11(b). In the standard el-
lipse method's simulated results for most cases, an over-estimation issue
is observed in the outer region near the corner center, while under-
estimation occurs in the entering and exiting corner regions.
Compared with the ellipse method, the estimation results from the
proposed OTB-GM modeling effectively eliminate these problems.

80 degree 70 degree

Extracted profile -e-sesesee OTB-GM simulated profile
Over-estimated region

----------- Ellipse simulated profile
Under-estimated region
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Fig. 12. The comparison of the extruded geometry of the actual printed corner part, the ellipse modeling method [9], and the proposed OTB-GM method.
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Fig. 13. The illustration of the transportation processing for the 90-degree corner.

affected by the layer height h; and extrusion velocity v, of printing.

(a) (b) Define the sensitivity factor of the profile f; for the layer height h; and
15 r . extrusion velocity v, as e,(lb) and efzb), respectively, which are calculated as
. 1
1! y _ o
= 1 1 ei ) = E’
g . hy = 0.4 mm ] \\h, = 0.4 mm (40)
é v, = 4 mm/s ] \' v, =6mm/s s(b) _ %
N 05 ~ h 0h1
_/ The effect of layer height h; on the profile f; is illustrated in Fig. 14(a).
0 .......

The blue solid profile illustrates the profile f, with layer height h; =
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 0.4 mm, and that of the yellow dashed profile is h; = 0.3 mm, and the
x [mm)] x [mm)] extrusion velocity v, for both of them are 4 mm/s. With the layer height
decreasing, the entire curve exhibits an increased height and reduced
width. Fig. 14(b) illustrates the changes that occur when the extrusion
speed v, is varied. The layer heights h; for the cases in Fig. 14(b) are both
0.4 mm, and the extrusion speeds for the blue solid profile and red
dashed profile are 4 mm/s and 6 mm/s, respectively. Compared to the
blue solid profile, the red dashed profile exhibits greater height in the
nozzle region due to the increased volume of the extruded material.
Additionally, to maintain the profile height constrained at the edge of
the nozzle, as shown in Egs. (7) and (25), the profile height outside the
nozzle region is reduced.
For the profile after transportation f1, define its sensitivity factor for

Fig. 14. The illustration of the sensitivity for the profile before transportation
with respect to (a) layer height and (b) extrusion velocity.

4.4. The processing parameters sensitivity analysis of the proposed OTB-
GM method

The experiment verification of the proposed OTB-GM method in-
volves the change of layer height h;, extrusion velocity v, (both in 2D
verification), and the nozzle speed v, (in 3D verification). The sensitivity
of the proposed OTB-GM method to the printing process parameters is
analyzed from two perspectives: the profile before transportationf, and
the profile after transportation f;. @ ] .

In the OTB-GM method, the profile before transportation f, is mainly and e, ', respectively, which are calculated as

layer height h;, extrusion velocity v,, and the nozzle speed v, as 6;;1)’ eﬁa),
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The processing parameters affect the profile f; by affecting the radius r,
of the material reachable region y,,. In the 2D verification, the extrusion
speed and nozzle height are changed. As the extrusion speed v, in-
creases, more material is extruded per unit time, resulting in a slower
temperature decrease and solidification process. Consequently, the
material reachable region y, is expanded, and the extruded material is
transported further from the nozzle. This is supported by the comparison
of the transportation map in the column of Fig. 10. As the nozzle height
h; decreases, the pressure exerted by the nozzle on the extruded material
increases, resulting in enhanced fluidity of the extruded material and an
expanded reachable region. This observation is corroborated by the
comparison of the transportation map in row of Fig. 10. The effect of
nozzle speed v, is shown in the 3D verification case. In the corner region,
the radius r, of the material reachable area increment is observed as the
nozzle speed v, decreases, as Fig. 12 shows. This phenomenon can be
explained as follows: a decrease in nozzle speed results in more material
being extruded in a given area, which in turn slows down the temper-
ature decrease and solidification process, thereby enlarging the mate-
rial's reachable region.

5. Conclusions

This paper proposed an optimal-transport-based geometry modeling
(OTB-GM) method for material extrusion (MEX) additive
manufacturing. The OTB-GM model simulates the ironing effects of the
moving nozzle. By calculating the transport map of the flowable printed
material, which is caused by the nozzle movement, the OTB-GM gen-
erates the final extruded profile. The OTB-GM starts with an initial
profile that resembles a Gaussian distribution before ironing. In devel-
oping the model, we consider the energy consumption caused by the
material's viscous resistance, variations in gravitational potential en-
ergy, and changes to the surface geometry that occur during the ironing
process. The calculation of the printed material's transportation map
follows the minimal energy-consuming assumption. The proposed OTB-
GM method includes the profile generation method in both 2-dimen-
sional (2D), for steady extrusion situations, and in 3-dimensional (3D),
for dynamic extrusion conditions. The proposed OTB-GM method is
validated by printing line parts and corner parts, for 2D and 3D
modeling verification, respectively. The printed result shows that
compared with the conventional ellipse geometry modeling method, the
proposed OTB-GM method reaches higher accuracy in predicting
extruded material geometry. The experiment result shows that the
proposed OTB-GM method is capable of modeling the bead geometry of
the MEX method with low complexity and computation load, providing
the potential of utilizing the OTB-GM method for real-time geometry
prediction and printing parameter optimization.

The proposed OTB-GM method is capable of modeling the bead ge-
ometry of the MEX method with low complexity and computation load,
as well as not relying on a large amount of high-precision measurement
data. These features of the proposed OTB-GM provide the potential of
utilizing the OTB-GM method for real-time geometry prediction and
printing parameter optimization. The OTB-GM model has several po-
tential applications in industrial settings. The OTB-GM can be utilized
for in-situ process monitoring and control, allowing for the immediate
adjustment of printing parameters to ensure that the final product meets
design specifications, thereby reducing waste, enhancing production
efficiency, and improving the sustainability of manufacturing. The OTB-
GM method's ability to predict geometry allows manufacturers to
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estimate the dimensions of printed parts, potentially replacing some
functions traditionally performed by measurement equipment and
thereby helping to reduce manufacturing costs. Additionally, as the
OTB-GM method is capable of providing the printing result under given
printing parameters, it can assist the manufacturer to find the optimal
printing parameters with satisfied dimensional accuracy, thus reducing
the waste rate in production and improving the sustainability.

While applying the current OTB-GM method in geometric modeling,
it is important to recognize some limitations of this approach. The
proposed OTB-GM method is specifically designed to account for the
nozzle ironing effect, making it primarily applicable to the MEX method.
This approach is involved with the temperature decrease and solidifi-
cation process of the extruded material as it exits the nozzle, which re-
stricts the printed materials to thermoplastics. Furthermore, the OTB-
GM method does not take thermal expansion into account, requiring
that the coefficient of thermal expansion for the printed material be
sufficiently small to ensure accuracy. Additionally, the method assumes
the presence of a printing base that provides the necessary support for
the ironing process; thus, it does not consider the extruded profile under
roofing and bridging printing conditions. Based on the limitations
mentioned above, the OTB-GM method can be improved by taking
thermal shrinkage into account and considering solidification conditions
beyond just thermal plastic materials, thereby expanding the applicable
range of printing materials covered.
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